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Abstract

The aim of this paper is to study the existence of a classical solution for the
waterbag model with a continuum of waterbags, which can been viewed as an
infinite dimensional system of first-order conservation laws. The waterbag model,
which constitutes a special class of exact weak solution of the Vlasov equation,
is well known in plasma physics, and its applications in gyrokinetic theory and
laser–plasma interaction are very promising. The proof of the existence of a con-
tinuum of regular waterbags relies on a generalized definition of hyperbolicity
for an integrodifferential hyperbolic system of equations, some results in singular
integral operators theory and harmonic analysis, Riemann–Hilbert boundary value
problems and energy estimates.

1. The Vlasov equation and the waterbag model

Let x be the space variable with period 1, x ∈ R/Z and v ∈ R the velocity
variable. Let f (t, x, v) be the statistical distribution function of positive charged
particles (ions) of a one-dimensional periodic quasi-neutral plasma. Then the dis-
tribution function f satisfies the Vlasov equation

∂t f + v∂x f + qi

mi
E∂v f = 0, (1)

with qi = Zi e, e the elementary charge, Zi the number of charge, and where
the electric field is given by E = −∂xφ. The Vlasov equation is coupled to the
quasi-neutral equation

φ = kB Te

ne0e

(
Zi

∫
R

f dv − ne0

)
, (2)
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Fig. 1. Multiple waterbag: phase-space plot for a three-bag model (left) and corresponding
MWB distribution function (right)

with kB the Boltzmann constant, Te the electrons’ temperature, and where we have
supposed that the electron density ne follows the Maxwellian–Boltzmann distri-
bution (adiabatic electrons) ne0 exp(eφ/(kB Te)) with eφ/(kB Te) � 1. Let us note
that the proof of classical or weak solutions of the system (1)–(2) seems difficult
in its original form since the loss of spatial derivatives on the potential φ in equa-
tion (2) makes the classical Sobolev embedding theorems or averaging lemmas
[10,28,36,37] useless for obtaining compactness.

Let us now consider 2N non-closed contours in phase-space labelled v+
j and

v−
j (where j = 1, . . . ,N ). Figure 1 shows the phase-space contours for a three-bag

system (N = 3) where the distribution function takes on three different constant
values F1, F2 and F3.

Introducing the bag heights A1,A2 and A3 as also shown in Fig. 1, the distri-
bution function reads

f (t, x, v) =
N∑
j=1

A j

(
H(v+

j (t, x) − v) − H(v−
j (t, x) − v)

)
, (3)

where H is the Heaviside unit step function. Let us note that some of the parameters
A j can be negative. The function (3) is a solution of the Vlasov equation (1) in the
sense of distribution theory, if and only if the set of following equations is satisfied

∂tv
±
j + v±

j ∂xv
±
j + qi

mi
∂xφ = 0, j = 1 . . .N . (4)

Let us now introduce for each bag j the density n j , average velocity u j and pressure
Pj such that n j = A j (v

+
j − v−

j ), u j = (v+
j + v−

j )/2 and p j = mn3
j/(12A2

j ). For
each bag j we recover the conservative form of the continuity and Euler equations
(isentropic gas dynamics equations with γ = 3), namely

∂t n j + ∂x (n j u j ) = 0, (5)

∂t (n j u j ) + ∂x

(
n j u

2
j + p j

mi

)
+ qi

mi
n j∂xφ = 0. (6)
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The coupling between the bags is given by the total density
∑

j�N n j in the quasi-
neutral equation

φ = kB Te

ne0e

⎛
⎝Zi

N∑
j=1

n j − ne0

⎞
⎠. (7)

The global entropic weak solution of the system (5)–(7) for one bag (N = 1) has
been proved in [18–20]. If all the parameters A j are positive (single hump distribu-
tion function or unimodal function) then the existence of a local classical solution
for the system constituted by equations (4) and (7) or the system (5)–(7) with a
finite number of bags have been proved in [5]. Let us note that after a finite time,
equations (4) and (7) or the system (5)–(7) will generate shocks, namely discontin-
uous gradients in x for v±

j . Nevertheless the concept of entropic solution is not well
suited here because the existence of an entropy inequality means that a scattering
(or collision-like) process in velocity occurs on the right-hand side of the Vlasov
equation.

This observation has been developed in the theory of kinetic formulation of
scalar conservation laws. In fact, it was established in [12–14,35] that scalar con-
servation laws can be lifted as linear hyperbolic equations by introducing an extra
variable ξ ∈ R, which can be interpreted as a scalar momentum or velocity variable.
The author of [14] proposed a numerical scheme, known as the transport-collapse
method, to solve this linear kinetic equation. In fact, the solution of this numeri-
cal scheme can been seen as the solution of a variant version of the linear BGK
kinetic model. The authors of [13,14,35] have proved, using BV estimates and
Kruzhkov type analysis, that this numerical solution converges to the entropy solu-
tion of scalar conservation laws. This result was also shown in [59] using averaging
lemmas [10,28,36,37] without bounded variation estimates. In [53] the authors also
consider the BGK-like approximation, and again using BV estimates, they prove
the convergence of the approximate solution to the right entropy solution when the
relaxation time (the inverse of the collisional frequency) tends to zero. Right after,
it was observed by the authors of [43,53] that, without any approximations, entropy
solutions of scalar conservation laws can be directly formulated in kinetic style,
known as kinetic formulation. Its generalization to systems of conservation laws
seems impossible except for very peculiar systems [16,44,60]. On the right-hand
side of these linear kinetic equations (the free streaming term) appear the velocity
derivatives of nonnegative bounded measure, which is the signature of scattering
(or diffusion) processes in velocity.

In order that the waterbag model should be equivalent to the Vlasov equation
(without any diffusion-like term on the right-hand side of the Vlasov equation) we
must consider multivalued solutions of the waterbag model beyond the first sin-
gularity. The appearance of a singularity (discontinuous gradients in x due to the
Burgers term) is linked to the appearance of trapped particles which is characterized
by the formation of vortexes and the development of the filamentation process in the
phase-space. In special cases such as the study of nonlinear gyrokinetic turbulence
in a cylinder [7,8], particles’ dynamic properties [38] imply that the particles are
not trapped but only passing through.
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The waterbag representation of the distribution function, which is reminiscent
of the Liouville geometric invariants, is not an approximation but rather a spe-
cial class of initial conditions. Therefore, from the Liouville theorem (given the
conservation of the measure and the connexity of an elementary volume of the
phase-space), the waterbag solutions correspond to a special class of exact weak
solution of the Vlasov equation. Introduced initially by DePackh [27], Bertrand
et al. [3,4,29] the waterbag model was shown to provide a bridge between fluid
and kinetic description of a collisionless plasma, allowing us to keep the kinetic
aspect of the problem with the same complexity as the multi-fluid model. In order
to reduce the dimension of the phase-space (based on the existence of Liouville
geometric invariants) this model has been recently reconsidered for gyrokinetic tur-
bulence applications and laser–plasma interaction physics, with very fruitful results
[5–9,48]. In fact, the system (1)–(2) (in the Vlasovian framework) or the system
formed by the equations (4) and (7) (in the waterbag framework) are very cru-
cial because they represent the parallel dynamic of particles subjected to a strong
magnetic field as it occurs in magnetic controlled fusion devices (tokamak) where
gyrokinetic turbulence governs the energy confinement time [7,8,48].

It is very interesting to notice the similarities between the waterbag model
and the system of Benney equations which describes the dynamics of long shal-
low water waves and whose Hamiltonian structure has been intensively exploited
[2,31,32,40–42,61,62]. Like the waterbag model, the Benney equations can be
reduced to an infinite-dimensional system of first-order conservation laws, pos-
sessing an infinite number of integrals of motion. Each model can be derived from
a special class of exact weak solutions of the Vlasov equation, through the Heav-
iside “closure” for the waterbag equations and the Dirac “closure” for the Benney
equations.

2. The continuous waterbag model

Let x be the space variable with period 1, x ∈ R/Z. In order to consider an infi-
nite number of bags we define two Lagrangian foliations to be the families of sheets
v± = v±(t, x, a) labelled by the Lagrangian label a ∈ [0, 1], where the waterbag
continuum v±(t, x, a) comprises smooth functions such that v− � v+, ∂av

+ <

0, ∂av
− > 0 and ∂α

x v
+(a = 1) = ∂α

x v
−(a = 1),∀α � 1. The equations (4) and

(7) are still valid if we replace the counting measure by the Lebesgue measure da.
In fact let us consider the distribution function

f (t, x, v) =
∫ 1

0

(
H(v+(t, x, a) − v) − H(v−(t, x, a) − v)

)
dμ(a), (8)

where

μ(a) =
⎧⎨
⎩

μN (a) = ∑N
j=1 A jδ(a − a j ),

or
μ∞(a) = 1[0,1](a).



On the Waterbag Continuum 457

In addition we have μN ⇀ μ∞ for the weak-∗ topology σ(Mb,Cb) (topology of
the narrow convergence) where Mb is the set of bounded Radon measures. There-
fore it is easily verified by a direct check that f defined by equation (8) satisfies,
in the distributional sense, the Vlasov equation

∂t f + v∂x f − ∂xφ∂v f = 0, φ =
∫

R

f dv, (9)

if and only if the waterbag continuum v± satisfies the continuous waterbag model
given by

∂tv
± + v±∂xv

± + ∂xφ = 0, (10)

φ =
∫ 1

0
(v+ − v−)da. (11)

If we set c = v+ − v− = ∂a Z(t, x, a) (∂a Z > 0) where

Z(t, x, a) =
∫ a

0
(v+ − v−)db, (12)

and if we set u = (v+ + v−)/2, then (10)–(11) is equivalent to

∂t c + ∂x (cu) = 0, (13)

∂t u + u∂x u + c

4
∂x c + ∂x

(∫ 1

0
cda

)
= 0. (14)

Let us note that in [15], the author proves the existence of a classical solution
for the homogeneous hydrostatic equations rewritten as

∂t c + ∂x (cu) = 0, (15)

∂t u + u∂x u + ∂x p = 0, (16)

with p denoting the pressure, under the constraint

∫ 1

0
c(t, x, a)da = 1. (17)

The main difference between the system (15)–(17) and the system (13)–(14) is that,
in the first one, the boundary is fixed by the constraint (17) whereas the second one
is a free boundary problem.

3. Diagonalization of the continuous waterbag model

In this section we use the diagonalization and the hyperbolicity concepts devel-
oped in [56–58] for the integrodifferential system of the long-wave equation. In this
framework, constraints which ensure the hyperbolicity of the waterbag continuum
can be found while generalized eigenfunctions and eigenvalues can be computed
explicitly.
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3.1. Generalized eigenfunctions and eigenvalues

If we set W = (u, c)T and A the linear operator defined as, for ϕ = (ϕ1, ϕ2)
T ,

Aϕ =
(

uϕ1 + c
4ϕ2 + ∫ 1

0 ϕ2da
cϕ1 + uϕ2

)
,

then equations (13)–(14) can be recast in the following quasilinear system

∂t W + A∂x W = 0. (18)

The operator A is a bounded linear operator in L2([0, 1])× L2([0, 1]), for all fixed
(t, x), which depends on W (t, x, a). Let A∗ be the adjoint operator relative to the
inner product in L2([0, 1]) × L2([0, 1]). A number kα = kα(t, x) is called a char-
acteristic number if we can associate to it a nontrivial generalized (in D′, that is
in the sense of distribution) vector-valued eigenfunction Fα = (Fα

1 ,Fα
2 )T of the

operator A∗:

(A∗ − kαI)Fα = 0. (19)

Generalized (in the distributional sense) eigenfunctions arise in restricting A to a
Banach space H ⊂ L2([0, 1])×L2([0, 1]) and are elements of the space H∗ dual to
H relative to the bilinear form which is the inner product of L2([0, 1])× L2([0, 1]).
A curve x(t) is called a characteristic of the system (18) if

dx

dt
= kα(t, x), (20)

where kα is a real characteristic number or a real eigenvalue of A∗. By applying
Fα to (18) we get

〈Fα, Wt + AWx 〉 = 〈Fα, Wt 〉 + 〈A∗Fα, Wx 〉
= 〈Fα, Wt 〉 + 〈kαFα, Wx 〉
= 〈Fα, Wt + kαWx 〉. (21)

The equality (21) is called a relation on the characteristics x(t) defined by (20). In
equation (21), the bilinear form 〈·, ·〉 denotes the duality bracket between H and
H∗. The system of equations (18) is called hyperbolic if all characteristic numbers
determined by (19) are real and the system of relations on characteristics

〈Fα, Wt + kαWx 〉 = 0, (22)

is equivalent to the system (18).
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3.2. The generalized eigenvalue problem

Using (19) it follows, for all smooth vectorial function ϕ = (ϕ1, ϕ2)
T ,

〈Fα, (A − kαI)ϕ〉 =
〈
Fα

1 , uϕ1 − kαϕ1 + c

4
ϕ2 +

∫ 1

0
ϕ2da

〉

+〈Fα
2 , cϕ1 − kαϕ2 + uϕ2〉.

As ϕ1, and ϕ2 are independent we get

〈Fα
1 , (u − kα)ϕ1〉 + 〈Fα

2 , cϕ1〉 = 0, (23)〈
Fα

1 ,
c

4
ϕ2 +

∫ 1

0
ϕ2da

〉
+ 〈Fα

2 ,−kαϕ2 + uϕ2〉 = 0. (24)

Equation (23) becomes

〈Fα
2 , ϕ1〉 = −〈Fα

1 , (u − kα)c−1ϕ1〉, (25)

while using (25), equation (24) becomes
〈
Fα

1 ,

(
(u − kα)2 − c2

4

)
c−1ϕ2

〉
−
∫ 1

0
ϕ2da 〈Fα

1 , 1〉 = 0. (26)

Therefore we have for all regular functions φ and ψ ,

〈Fα
2 , ϕ〉 = −〈Fα

1 , (u − kα)c−1ϕ〉, (27)

〈Fα
1 , (v+ − kα)(v− − kα)c−1ψ〉 −

∫ 1

0
ψda 〈Fα

1 , 1〉 = 0. (28)

In order to build solutions for equation (28), we consider the set of numbers z in the
complex plane outside the section of values of the waterbag continuum v±, that is
z �= v±,∀ a ∈ [0, 1], where the variables (t, x) are considered as fixed. Therefore
from (28) it follows

〈Fα
1 , ψ〉 =

∫ 1

0

cψda

(v+ − z)(v− − z)
〈Fα

1 , 1〉. (29)

Nontrivial solutions of (29) exist for z = kα which satisfies the characteristic
equation

χ(z) = 1 −
∫ 1

0

cda

(v+ − z)(v− − z)
= 0, (30)

where we have imposed the normalization 〈Fα
1 , 1〉 = 1. The characteristic equa-

tion (30) has two real roots k± on the real axis outside the domain of values of v±,
namely [v−

b = v−(t, x, 0), v+
b = v+(t, x, 0)]. In fact, the derivative with respect

to z of χ(z) is given by

χ ′(z) = 2
∫ 1

0

(z − u)cda

(v+ − z)2(v− − z)2 . (31)
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We observe that χ ′ is strictly negative for z ∈] − ∞, v−
b [ and strictly positive for

z ∈]v+
b ,+∞[. Moreover, the function χ(z) → 1 when |z| → ±∞ and χ(z) →

−∞ when z → v±
b . Therefore there exists a root k− (resp. k+), belonging to

the interval ] − ∞, v−
b [ (resp. ]v+

b ,+∞[) which is a first-order zero of χ(z). To
summarize, we have for all x and t

−∞ < k−(t, x) < inf
a

v−(t, x, a), (32)

sup
a

v+(t, x, a) < k+(t, x) < +∞, (33)

χ(k±(t, x)) = 0, |χ ′(k±(t, x))| > 0. (34)

For the eigenvalues z = k± the action of the associated eigenfunctions
F±

i = F±
i (t, x, ν), i ∈ {1, 2} on a regular test function ψ is given by

〈F±
1 , ψ〉 =

∫ 1

0

(
1

v−(ν) − k± − 1

v+(ν) − k±)

)
ψ(ν)dν, (35)

〈F±
2 , ψ〉 = −〈F±

1 , (u − k±)c−1ψ〉
= −1

2

∫ 1

0

(
1

v−(ν) − k± + 1

v+(ν) − k±

)
ψ(ν)dν. (36)

In the last equations (35) and (36) we have omitted the dependence of the function
on the variables t and x to simplify the notation. We now define ka,±(t, x) such
that it takes the value of the velocity v±(t, x, a) for a given a. For each value of
ka,±(t, x) we define the distributions Fa,±

1 = Fa,±
1 (t, x, ν) such that

Fa,±
1 = δ(ν − a) + Pv±(a)(ν), (37)

where

〈Pv±(a), ψ〉 = p.v.
∫ 1

0

(
1

v−(ν) − v±(a)
− 1

v+(ν) − v±(a)

)
(ψ(ν) − ψ(a))dν.

(38)

A straightforward computation shows that if kα = ka,±(t, x) and Fα
1 = Fa,±

1 then
equation (28) is satisfied and thus it means that ka,± are also eigenvalues of the lin-
ear operator A∗, whose the associated eigenfunctions are Fa,± = (Fa,±

1 ,Fa,±
2 )T .

While Fa,±
1 is given by (37), the action of Fa,±

2 on regular test function ψ is given
by

〈Fa,±
2 , ψ〉 = −〈Fa,±

1 , (u − v±(a))c−1ψ〉
= 〈Qv±(a), ψ〉 ± 1

2
〈δa, ψ〉A(v±(a)),

where

〈Qv±(a), ψ〉 = −1

2
p.v.

∫ 1

0

(
1

v−(ν) − v±(a)
+ 1

v+(ν) − v±(a)

)
ψ(ν)dν,

(39)

A(v±(a)) = 1 − p.v.
∫ 1

0

(
1

v−(ν) − v±(a)
− 1

v+(ν) − v±(a)

)
dν. (40)
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3.3. Hyperbolicity of the waterbag continuum

3.3.1. Eigenvalues In this section we look for sufficient conditions which ensure
that the continuous waterbag model has no more eigenvalues, and especially no
imaginary eigenvalues, other than real eigenvalues v± and k±. Let us define �+
(resp. �−) the curve lying in the interval [v−

b , vc] (resp. [vc, v
+
b ]) oriented in the

positive sense from v−
b to vc (resp. from vc to v+

b ) where vc = v−(a = 1) =
v+(a = 1). We set � = �− ∪ �+.

If we set v such that v|�± = v±, ω such that ω|�± = ω± = ∂av
±, and γ such

that γ|�± = γ± = 1/ω±, then the function χ(z), can be recast as

χ(z) = 1 −
∫
�

γ dv

v − z
, ∀z ∈ C \ �, (41)

forv smooth enough (see Section 4.2). We denote byC(z, r) the circle of center z and
radius r . Let us now consider the circle C(k−, rδ) (resp. C(k+, rδ)) which bounds
the region S−

1,δ (resp. S−
7,δ). We also consider the circle C(v−

b , rδ) (resp. C(v+
b , rδ))

which bounds the region S−
2,δ (resp. S−

6,δ). Let C(vc, rδ) be the circle which bounds

the region S−
4,δ . Let us now consider a point v−∗ ∈]v−

b , vc[ (resp. v+∗ ∈]vc, v
+
b [) and

the circle C(v−∗ , rδ) (resp. C(v+∗ , rδ)) which bounds the region S−
3,δ (resp. S−

5,δ). If we
now suppose that the zero of the complex plane belongs to �, we denote by Eδ the
ellipse of zero-center and variable radius Rδ(z) for z ∈ Eδ which contains the regions
∪7

i=1S−
i,δ . We define the open contours �−

1,δ, �
−
2,δ, �

+
1,δ and �+

2,δ , lying in �, and con-

necting respectively circles C(v−
b , rδ) to C(v−∗ , rδ), C(v−∗ , rδ) to C(vc, rδ), C(vc, rδ)

to C(v+∗ , rδ) and C(v+∗ , rδ) to C(v+
b , rδ). We then set Cδ = Cδ ∪ Eδ ∪ �δ where

�δ = ∪i∈{1,2}, j∈{−,+}� j
i,δ , and Cδ = ∪i∈{−,+}C(ki , rδ) ∪ C(vi

b, rδ) ∪ C(vi∗, rδ) ∪
C(vc, rδ). Finally, we define S−

δ = ∪7
i=0S−

i,δ and consider the region S+
δ of the

complex plane, bounded by the contour Cδ (see Fig. 2). When δ → 0 we get
rδ → 0, Rδ → ∞, S+

δ → C \ � ∪ {k−, k+}, �δ → � and Cδ → �. Using the
Sokhotskii–Plemelj formula [30,52,54], the limiting values of the analytic function
χ(z) from the upper and lower half-planes in the section � = [v−

b , v+
b ] are given by

χ±(z) = 1 − p.v.
∫
�

γ dv

v − z
∓ iπγ, ∀z ∈ �. (42)

We will see further that it is necessary to suppose that the condition

ess inf
z∈� |χ±(z)| > 0 (43)

holds. Let us note that the previous condition (43) is guaranteed as long as
ess inf z∈� |γ | > 0. According to the argument principle [1,30], we have

�Cδ
argχ(z) = Z − P, (44)

where �Cδ
arg χ denotes the variation of the argument of the function χ along the

curve Cδ,Z is the number of zeroes and P is the number of poles of the function
χ in the region S+

δ , bounded by the circuit Cδ , their multiplicities being taken into
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Fig. 2. The complex plane

account. Let us note that when we compute the quantity �Cδ
arg χ , the open contour

�δ is traversed in one sense and its opposite (see Fig. 2). Since the function χ is
analytic and does not have poles outside �, the condition �Cδ

argχ = 0 guarantees
the absence of complex zeroes in the region S+

δ .
Let us now take a look at the condition �Cδ

argχ = 0. First we observe that in
the neighbourhood of the point v±

b and vc, the expression (40) (A(z), z ∈ �) can
be expressed respectively in the form

A(z) = �±
b (z) ∓ γ±(v±

b ∓ 0) log(z − v±
b ),

A(z) = �c(z) − {
γ−(vc − 0) − γ+(vc + 0)

}
log(z − vc),

(45)

where the functions�±
b and�c are bounded on C as long as for all t and x, ω(t, x, ·)

and γ (t, x, ·) belong to PC 0,μ(�) (the set of piecewise μ-Hölder continuous func-
tions on �, with Hölder exponent μ) with 0 < μ < 1. From estimates (45) we
deduce that there exists at least a point v−∗ ∈ �− (resp. v+∗ ∈ �+) such that
A(v−∗ ) = 0 (resp. A(v+∗ ) = 0). Let us note that, in fact, the number of zeroes
of A(z) on �− (resp. �+) is odd. Nevertheless, without loss of generality, as we
will see further, we can consider only one zero since the effects of an even num-
ber of zeroes on the argument variation of the function χ cancel by considering
pairs of zeroes. Let us consider the variation of the argument of χ along the circle
C(k±, rδ). Since sign (χ(kα + σε)) = sign(ασ), with 0 < ε � 1, α = ±1 and
σ = ±1, |Reχ(z)| � 1 for z in the neighbourhood of k±, and χ(kα + iσε) =
A(kα)− iσε

∫
�
(τ −kα)−2γ dτ +O(ε2), the variation of the argument of the func-

tion χ along the circle C(k−, rδ) (resp. C(k+, rδ)) is equal to −2π (resp. −2π ).
Let us now consider the variation of the argument of χ along the circle C(v±∗ , rδ).
Since sign

(
A(vα∗ + σε)

) = −sign(ασ), A(vα∗ + σ0) = 0−sign(ασ), γ± �= 0, and
sign(γ±) = ∓, then using (42), the variation of the argument of the function χ

along the circle C(v−∗ , rδ) (resp. C(v+∗ , rδ)) is equal to 2π (resp. 2π ). If we had
considered an even number of roots, using the properties of the functions A, γ and
(42), the variation of the argument of the function χ along small circles centered
on these roots would be, in sum, equal to zero. Let us now consider the variation
of the argument of χ along the circle C(v±

b , rδ). Since in the neighbourhood of the
points v±

b ,Reχ � 0, γ± �= 0 and sign(γ±) = ∓, then using (42), the variation of
the argument of the function χ along the circle C(v−

b , rδ) (resp. C(v+
b , rδ)) is equal

to zero (resp. zero). Finally let us consider the variation of the argument of χ along
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the circle C(vc, rδ). Since in the neighbourhood of the point vc,Reχ � 0, γ± �= 0
and sign(γ±) = ∓, then using (42), the variation of the argument of the function
χ along the circle C(vc, rδ) is also equal to zero. To sum up, the variation of the
argument of the function χ along the circles Cδ is, in sum, equal to zero. Now, since
χ(∞) = 1, we get �Eδ

arg χ −→ 0 by passing to the limit as δ −→ 0. Therefore,
since the condition (43) holds, by passing to the limit as δ −→ 0 the condition
�Cδ

argχ = 0 finally becomes

�� arg
χ+

χ− = 4π. (46)

We will see further that the conditions (43) and (46) are, in fact, solvability
conditions for the Riemann–Hilbert boundary value problem or, equivalently, con-
ditions for the Fredholmness and right-invertibility of a singular integral oper-
ator. Since the condition (43) holds, we can define G(z) = χ+(z)/χ−(z) and
G−1(z) = χ−(z)/χ+(z). Let us note that G = exp(i�(z)) since |G(z)| = 1 and
arg G(z) = −i log G(z) = �(z). Moreover we have G(v±

b ∓ 0) = G(vc ± 0) = 1
and G(v±∗ − 0) = G(v±∗ + 0) = −1. The functions arg G and G belong to the
space C (�), the set of continuous functions on �. Let us set �′ an open Liapu-
nov curve (a Lipschitz Jordan curves) which does not cross the open Liapunov
curve � such that that � ∪ �′ constitutes a closed Liapunov curve and where the
domain enclosed by the contour � ∪ �′ does not contain the points k±. Since
G(v±

b ∓ 0) = 1, we can extend continuously G on � ∪ �′ by setting G = 1 on
�′. Therefore we can define the index of the function G ∈ C (�), noted Ind(G) by
Ind(G) := 1

2π ��∪�′ arg G = 1
2π �� arg G, which is equal to the winding number

of the plane curve R(G) resulting from the range of the function G in the complex-
plane. Let us note that Ind(G) = −Ind(G−1). For more information about the
definition and the properties of the index of a complex-variable function, we refer
the reader to references [30,33,34,47,52,54].

To summarize, we have proven the following result

Lemma 1. Let us assume that for all t and x, ω(t, x, .) and γ (t, x, .) belong to
PC 0,μ(�) with 0 < μ < 1. If v satisfy the conditions

ess inf
z∈� |χ±(z)| > 0, and Ind(G) = 2, (47)

with G(z) = χ+(z)/χ−(z) and where χ± are defined by (42), then the operator A
has only the real eigenvalues {k±, v±}.

Remark 1. If we suppose that the smooth enough (typically Hölder-regularity)
initial waterbag continuum satisfies for all x , the conditions v− � v+, ∂av

+ <

0, ∂av
− > 0, ∂α

x v
+(a = 1) = ∂α

x v
−(a = 1),∀α � 1, and in addition fulfill strict

convexity (∂2
av

± > 0) or concavity (∂2
av

± < 0) properties, then it can be checked
that the conditions (47) hold.
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3.3.2. The diagonal system We have shown that the eigenvalues of the contin-
uous waterbag are reals under some conditions summarized in the Lemma 1. In
order to show that the system is hyperbolic we must prove that the equations (22)
and (18) are equivalent. Let us define the vector ψ = (ψ1, ψ2)

T as

ψ1 = ∂t u + u∂x u + c

4
∂x c + ∂x

(∫ 1

0
cda

)
,

ψ2 = ∂t c + ∂x (cu).

After some algebra we get

〈Fa,±, ψ〉 = ∂tR± + v±∂xR±,

〈F±, ψ〉 = ∂t r
± + k±∂xr±,

where

R±(t, x, a) = v±(t, x, a) +
∫ 1

0
ln

∣∣∣∣v
±(a) − v−(ν)

v±(a) − v+(ν)

∣∣∣∣ dν, (48)

r±(t, x) = k±(t, x) +
∫ 1

0
ln

∣∣∣∣k
± − v−(ν)

k± − v+(ν)

∣∣∣∣ dν. (49)

Therefore ψ = 0 implies the set of equations

∂tR± + v±∂xR± = 0, (50)

∂t r
± + k±∂xr± = 0. (51)

As we have shown that (18) implies (22), let us now show that (22) implies (18).
Let us suppose that we have 〈Fa,±, ψ〉 = 0 and 〈F±, ψ〉 = 0, then we first get

〈Fa,±, ψ〉 = 〈Fa,±
1 , ψ1〉 + 〈Fa,±

2 , ψ2〉
=
(
ψ1 ± ψ2

2

)
A(v±(a))

+ p.v.
∫ 1

0

(
ψ1 − ψ2

2

)
dν

v−(ν) − v±(a)

− p.v.
∫ 1

0

(
ψ1 + ψ2

2

)
dν

v+(ν) − v±(a)
. (52)

If we set ψ± = ψ1 ± ψ2
2 , we obtain

〈Fa,±, ψ〉 = A(v±(a))ψ± + p.v.
∫
�−

γ−ψ−dv−

(v− − v±(a))
+ p.v.

∫
�+

γ+ψ+dv+

(v+ − v±(a))
.

If we define � such that �|�± = ψ± therefore the condition 〈Fa,±, ψ〉 = 0 is
equivalent to

A(v(a))� + p.v.
∫
�

γ � dτ

τ − v(a)
= 0. (53)
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In the same way, the condition 〈F±, ψ〉 = 0 is equivalent to

A(k)� +
∫
�

γ � dτ

τ − k
= 0, (54)

where k denotes k− or k+. Therefore, singular integral equations (53) and (54) can
be summarized as

A(z)� + p.v.
∫
�

γ � dτ

τ − z
= 0, z ∈ � ∪ {k±}. (55)

The singular integral equation (55) can be recast as

(P+χ−I + P−χ+I)� = 0, (56)

with P± = (I ± C�)/2, where the operator C� is the singular Cauchy integral

(C�ϕ)(z) = p.v.
1

iπ

∫
�

ϕ(τ)dτ

τ − z
.

Using the notations of the Theorem 3.1 of chapter 10 in [34] (with p = 2), and
since G ∈ C (�), we get δ(v±

b ) = δ(vc) = δ(v±∗ ) = π which leads to β(v±
b ) =

β(vc) = β(v±∗ ) = 0 and thus ρ = 1. Moreover since Ind(G−1) = −Ind(G),
under the condition of Lemma 1, the Theorem 3.1 of chapter 10 (or Theorem 4.1
of chapter 9) in [34] holds and the operator P+χ−I + P−χ+I is a Fredholm
right-invertible operator on the weighted (with weight ρ) L2-space L2

ρ(�) which
is a Banach space equipped with the norm ‖ϕ‖L2

ρ(�) = ‖ρ1/2ϕ‖L2(�). The con-

dition (43) ensures the Fredholmness of the singular integral operator P+χ−I +
P−χ+I, while the condition Ind(G) = 2 guarantees its right-invertibility. More-
over we get dim ker(P+χ−I + P−χ+I) = −Ind(G−1) = 2, while we have
dim coker(P+χ−I + P−χ+I) = 0. In order to show that the system (10)–(11)
or (13)–(14) is equivalent to (50)–(51), we need to show that the dimension of
the kernel of the singular integral operator P+χ−I + P−χ+I, can be reduced
to zero. To this aim we first explicitly compute a base for the kernel of the sin-
gular integral operator (53), by solving directly the Riemann–Hilbert boundary
value problem [30,33,34,52,54] associated with (53), and afterwards we show that
ker(P+χ−I +P−χ+I) = ∅, by using (54) and properties (34) of the eigenvalue
problem. Let us define the sectionally analytic function

�(z) = 1

2π i

∫
�

B� dτ

τ − z
, z ∈ C \ �, (57)

with �(∞) = 0, � being the function appearing in the equation (56) and B =
iπγ �= 0. Using the Sokhotskii–Plemelj formula [30,52,54], the limiting values of
the analytic function �(z) from the upper and lower half-planes in the section �

are given by

�±(z) = ±1

2
B(z)�(z) + p.v.

1

2π i

∫
�

B(τ )�(τ) dτ

τ − z
, z ∈ �. (58)
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Using (58), equation (56) is equivalent to equation �+(z) = G(z)�−(z), z ∈ �.
Therefore we consider the following homogeneous Riemann–Hilbert boundary
value problem which consists in finding the function �(z), sectionally holomor-
phic in C \ �, whose boundary values �+ and �− satisfy the boundary condition

�+(z) = G(z)�−(z), z ∈ �. (59)

Since Ind(G) = 2 and k± are first-order zeroes of χ , then the function X = χ/�,
where � = (z − k−)(z − k+), is a canonical solution [30,52,54] of the Riemann–
Hilbert boundary value problem (59), that is, a sectionally analytic function sat-
isfying the boundary condition (59), having zero order everywhere in the finite
part of the complex-plane (except possibly at some finite numbers of points of the
contour �, called ends, where the function is bounded or has an infinity of integra-
ble order) and such that the point at infinity has an order equal to −Ind(G), that
is, minus the index of the Riemann–Hilbert boundary value problem (59). There-
fore the problem (59) can be reinterpreted as finding the function �(z), sectionally
holomorphic in C \ �, whose boundary values �± satisfy the boundary condition
�+(z) = �−(z), z ∈ �, where � = �/X . The last boundary condition indicates
that the function �+ analytic in the upper plane and the function �− analytic in the
lower plane constitute the analytic continuation of each other through the contour�.
According to the generalized Liouville Theorem [1,30], the function � must reduce
to a second-degree polynomial P2(z) with arbitrary coefficients, that is, � = X P2.
But, since �(∞) = 0 and χ(∞) = 1, the coefficient of the monomial of highest
degree is zero, hence P2(z) reduces to P1(z), a polynomial of degree one. Therefore
there exist two constants α0 and α1 such that � = (α0 + α1z)χ(z)/�(z). Since
B� = �+ − �− and B �= 0, using the Sokhotskii–Plemelj formula [30,52,54],
we obtain

� = −2

(
C0

z − k− + C1

z − k+

)
, (60)

where C0 = −(α1k− + α0)/(k+ − k−) and C1 = (α1k+ + α0)/(k+ − k−). If
we now plug (60) into equation (54) we obtain the linear system of equations
MC = 0, where C = (C0,C1)

T , and M is a symmetric matrix with the entries
M11 = M−−,M22 = M++,M12 = M−+,M21 = M+−, such that

Mi j = −2
∫
�

γ dτ

(τ − ki )(τ − k j )
, i, j ∈ {−,+}.

From properties (34), we get M11 = 2χ ′(k−) < 0 and M22 = 2χ ′(k+) > 0 so
that det M < 0. Therefore M is invertible, which implies that � = 0 in L2(�),
and thus ψ = 0 almost everywhere.

Finally, we have proven that the systems (10)–(11), (13)–(14) and (50)–(51)
are hyperbolic with real eigenvalues {v±, k±} and equivalent to each other. The
new variables R± and r± are call Riemann invariants and are constant along the
characteristics dxa,±(t)/dt = v±(t, xa,±(t), a) and dx±(t)/dt = k±(t, x±(t))
respectively.
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4. Existence and uniqueness of a classical solution

4.1. Notations

We first note ‖ · ‖L p
xa

(resp. ‖ · ‖L p
x
), with 1 � p � ∞ the Lebesgue L p-norm

with respect to x ∈ R/Z, a ∈ [0, 1] (resp. x ∈ R/Z). We also note ‖ · ‖W m,p
xa

(resp.
‖ · ‖W m,p

x
), with 1 � p � ∞,m ∈ N, the Sobolev W m,p-norm with respect to

x ∈ R/Z, a ∈ [0, 1] (resp. x ∈ R/Z). Moreover, we use the notation ‖ · ‖Hm
xa

for
‖ · ‖W m,2

xa
. We finally note ‖ · ‖C m,μ

xa
(resp. ‖ · ‖C m,μ

x
), with 0 < μ < 1,m ∈ N, the

Hölder C m,μ-norm with respect to x ∈ R/Z, a ∈ [0, 1] (resp. x ∈ R/Z).

4.2. Change of variables

Let us suppose that the waterbag continuum v±(t) belongs to H3
xa for t fixed.

Since we have the embedding H3(R2) ↪→ C 1,λ(R2), with 0 < λ < 1, and since
∂av

+ < 0, ∂av
− > 0, then using Theorem 1.2 of chapter 2 in [47] the following

application

a �−→ τ =
{
v+(a) if τ ∈ �+
v−(a) if τ ∈ �− (61)

maps [0, 1] one-to-one onto �± and defines a change of variables for the Cauchy
integral. Therefore we have

∫
�±

ϕ(τ)

τ − z
dτ = ∓

∫ 1

0

ϕ
(
v±(ν)

)
∂νv

±

v±(ν) − v±(a)
dν,

for all ϕ ∈ C 0,λ
xa , with 0 < λ � 1. Let us now introduce a generic unknown

X±(t, x, a) ∈ {ω±, γ± = 1/ω±, v±,R±, r±, k±}, x ∈ R/Z, a ∈ [0, 1]. Using
the change of variables (61) we can write

X (τ ) = X (t, x, v−1(τ )) =
{

X+(t, x, (v+)−1(τ )) = X+(t, x, a) if τ ∈ �+
X−(t, x, (v−)−1(τ )) = X−(t, x, a) if τ ∈ �−

Therefore, using the change of variables (61), Riemann invariants (48) and (49) can
be rewritten as

R(z) = R(t, x, v−1(z)) = z +
∫
�

γ (τ) ln |τ − z|dτ (62)

r = r(t, x) = k +
∫
�

γ (τ) ln |τ − k|dτ (63)

Moreover, by differentiating equation (10) with respect to the variable a and
by setting ω± = ∂av

±, γ± = 1/ω± we get the two following equations

∂tω
± + v±∂xω

± + ω±∂xv
± = 0, (64)

∂tγ
± + v±∂xγ

± − γ±∂xv
± = 0. (65)
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4.3. Idea of the proof

In order to prove the existence and uniqueness of a classical solution for the
waterbag continuum equations (10)–(11) or (13)–(14), we use the quasilinear trans-
port equations (50)–(51) and (64)–(65). The idea is to get a priori energy estimates
for the Riemann invariants R±, r± and the quantities ω± and γ±. To this purpose
we must be able to estimate the velocity fields v± and k± with respect to the quan-
tities R±,r±, ω± and γ±. This latter task is achieved by using the properties of the
eigenvalue problem in Section 3.2, the resolution of the Riemann–Hilbert bound-
ary value problem and some classical results in singular integral operator theory
and harmonic analysis. The main theorem of this paper, namely Theorem 1, can be
found at the end of the paper (Section 4.5).

4.4. A priori estimates

In the sequel, the notation A � B means that there exists a purely numerical
constant C such that A � CB.

4.4.1. A priori estimates for the Riemann invariant r± From equation (51)
and its first derivatives with respect to x , using integration by part we get

d

dt
‖r±‖2

L2
x

� ‖k±
x ‖L∞

x
‖r±‖2

L2
x
,

d

dt
‖r±

x ‖2
L2

x
� ‖k±

x ‖L∞
x

‖r±
x ‖2

L2
x
.

4.4.2. A priori estimates for the Riemann invariant R± From equation (50)
and its first derivatives with respect to x , using integration by part and the Sobolev
embedding H2(R2) ↪→ L∞(R2), we get

d

dt
‖R±‖2

L2
xa

� ‖v±
x ‖L∞

xa
‖R±‖2

L2
xa

� ‖v±
x ‖H2

xa
‖R±‖2

L2
xa
,

d

dt
‖R±

x ‖2
L2

xa
� ‖v±

x ‖L∞
xa

‖R±
x ‖2

L2
xa

� ‖v±
x ‖H2

xa
‖R±

x ‖2
L2

xa
.

From derivatives of equation (50) with respect to x and a, using integration
by part, Young’s inequality and the Sobolev embeddings H2(R2) ↪→ L∞(R2),
H1/2(R2) ↪→ L4(R2) we get

d

dt
‖R±

xx‖2
L2

xa
� ‖v±

xxx‖L2
xa

‖R±
x ‖2

L4
xa

+ ‖v±
x ‖L∞

xa
‖R±

xx‖2
L2

xa
,

� ‖v±
xxx‖L2

xa
‖R±

x ‖2
H1

xa
+ ‖v±

x ‖H2
xa

‖R±
xx‖2

L2
xa
,

d

dt
‖R±

xxx‖2
L2

xa
� ‖v±

x ‖L∞
xa

‖R±
xxx‖2

L2
xa

+ ‖R±
x ‖L∞

xa
‖R±

xxx‖L2
xa

‖v±
xxx‖L2

xa

+‖v±
xx‖L4

xa
‖R±

xx‖L4
xa

‖R±
xxx‖L2

xa
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� ‖v±
x ‖H2

xa
‖R±

xxx‖2
L2

xa
+ ‖R±

x ‖H2
xa

‖R±
xxx‖L2

xa
‖v±

xxx‖L2
xa

+‖v±
xx‖H1

xa
‖R±

xx‖H1
xa

‖R±
xxx‖L2

xa
,

d

dt
‖R±

xa‖2
L2

xa
� ‖R±

xa‖L2
xa

‖ω±
x ‖L4

xa
‖R±

x ‖L4
xa

+ ‖ω±‖L∞
xa

‖R±
xa‖L2

xa
‖R±

xx‖L2
xa

+‖v±
x ‖L∞

xa
‖R±

xa‖2
L2

xa

� ‖R±
xa‖L2

xa
‖ω±

x ‖H1
xa

‖R±
x ‖H1

xa
+ ‖ω±‖H2

xa
‖R±

xa‖L2
xa

‖R±
xx‖L2

xa

+‖v±
x ‖H2

xa
‖R±

xa‖2
L2

xa
,

d

dt
‖R±

xaa‖2
L2

xa
� ‖R±

xaa‖L2
xa

‖ω±
ax‖L4

xa
‖R±

x ‖L4
xa

+ ‖R±
xaa‖L2

xa
‖ω±

a ‖L4
xa

‖R±
xx‖L4

xa

+‖R±
xaa‖L2

xa
‖ω±

x ‖L4
xa

‖R±
xa‖L4

xa
+‖R±

xxa‖L2
xa

‖ω±‖L∞
xa

‖R±
xaa‖L2

xa

+‖v±
x ‖L∞

xa
‖R±

xaa‖2
L2

xa

� ‖R±
xaa‖L2

xa
‖ω±

ax‖H1
xa

‖R±
x ‖H1

xa
+ ‖R±

xaa‖L2
xa

‖ω±
a ‖H1

xa
‖R±

xx‖H1
xa

+‖R±
xaa‖L2

xa
‖ω±

x ‖H1
xa

‖R±
xa‖H1

xa
+‖R±

xxa‖L2
xa

‖ω±‖H2
xa

‖R±
xaa‖L2

xa

+‖v±
x ‖H2

xa
‖R±

xaa‖2
L2

xa
,

d

dt
‖R±

xxa‖2
L2

xa
� ‖R±

xxa‖L2
xa

‖ω±
xx‖L4

xa
‖R±

x ‖L4
xa

+ ‖R±
xxa‖L2

xa
‖v±

xx‖L4
xa

‖R±
xa‖L4

xa

+‖R±
xxa‖L2

xa
‖ω±

x ‖L4
xa

‖R±
xx‖L4

xa
+ ‖v±

x ‖L∞
xa

‖R±
xxa‖2

L2
xa

+‖R±
xxa‖L2

xa
‖ω±‖L∞

xa
‖R±

xxx‖L2
xa

� ‖R±
xxa‖L2

xa
‖ω±

xx‖H1
xa

‖R±
x ‖H1

xa
+ ‖R±

xxa‖L2
xa

‖v±
xx‖H1

xa
‖R±

xa‖H1
xa

+‖R±
xxa‖L2

xa
‖ω±

x ‖H1
xa

‖R±
xx‖H1

xa
+ ‖v±

x ‖H2
xa

‖R±
xxa‖2

L2
xa

+‖R±
xxa‖L2

xa
‖ω±‖H2

xa
‖R±

xxx‖L2
xa
.

4.4.3. A priori estimates for ω± By differentiating equation (64) with respect to
x and a as often as it is needed, using integration by part, Young’s inequality and the
Sobolev embeddings H2(R2) ↪→ L∞(R2), H1/2(R2) ↪→ L4(R2), H2/3(R2) ↪→
L6(R2) we get

d

dt
‖ω±‖2

L2
xa

� ‖v±
x ‖L∞

xa
‖ω±‖2

L2
xa

� ‖v±
x ‖H2

xa
‖ω±‖2

L2
xa
,

d

dt
‖ω±

x ‖2
L2

xa
� ‖v±

x ‖L∞
xa

‖ω±
x ‖2

L2
xa

+ ‖v±
xx‖L2

xa
‖ω±

x ‖L2
xa

‖ω±‖L∞
xa

� ‖v±
x ‖H2

xa
‖ω±

x ‖2
L2

xa
+ ‖v±

xx‖L2
xa

‖ω±
x ‖L2

xa
‖ω±‖H2

xa
,

d

dt
‖ω±

a ‖2
L2

xa
� ‖ω±‖L∞

xa
‖ω±

x ‖L2
xa

‖ω±
a ‖L2

xa
+ ‖v±

x ‖L∞
xa

‖ω±
a ‖2

L2
xa

� ‖ω±‖H2
xa

‖ω±
x ‖L2

xa
‖ω±

a ‖L2
xa

+ ‖v±
x ‖H2

xa
‖ω±

a ‖2
L2

xa
,
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d

dt
‖ω±

xx‖2
L2

xa
� ‖ω±‖L∞

xa
‖ω±

xx‖L2
xa

‖v±
xxx‖L2

xa
+ ‖v±

xxx‖L2
xa

‖ω±
x ‖2

L4
xa

+‖v±
x ‖L∞

xa
‖ω±

xx‖2
L2

xa
� ‖ω±‖H2

xa
‖ω±

xx‖L2
xa

‖v±
xxx‖L2

xa

+‖v±
xxx‖L2

xa
‖ω±

x ‖2
H1

xa
+ ‖v±

x ‖H2
xa

‖ω±
xx‖2

L2
xa
,

d

dt
‖ω±

aa‖2
L2

xa
� ‖ω±‖L∞

xa
‖ω±

aa‖L2
xa

‖ω±
xa‖L2

xa
+ ‖ω±

aa‖L2
xa

‖ω±
x ‖L4

xa
‖ω±

a ‖L4
xa

+‖v±
x ‖L∞

xa
‖ω±

aa‖2
L2

xa

� ‖ω±‖H2
xa

‖ω±
aa‖L2

xa
‖ω±

ax‖L2
xa

+ ‖ω±
aa‖L2

xa
‖ω±

x ‖H1
xa

‖ω±
a ‖H1

xa

+‖v±
x ‖H2

xa
‖ω±

aa‖2
L2

xa
,

d

dt
‖ω±

xa‖2
L2

xa
� ‖ω±‖L∞

xa
‖ω±

x ‖L2
xa

‖ω±
xa‖L2

xa
+ ‖v±

x ‖L∞
xa

‖ω±
xa‖L2

xa
‖ω±

a ‖L2
xa

+‖v±
x ‖L∞

xa
‖ω±

xa‖2
L2

xa

� ‖ω±‖H2
xa

‖ω±
x ‖L2

xa
‖ω±

xa‖L2
xa

+ ‖v±
x ‖H2

xa
‖ω±

xa‖L2
xa

‖ω±
a ‖L2

xa

+‖v±
x ‖H2

xa
‖ω±

xa‖2
L2

xa
,

d

dt
‖ω±

xxx‖2
L2

xa
� ‖v±

x ‖L∞
xa

‖ω±
xxx‖2

L2
xa

+ ‖ω±‖L∞
xa

‖ω±
xxx‖L2

xa
‖v±

xxx‖L2
xa

+‖v±
xxx‖L2

xa
‖ω±

xx‖2
L4

xa

� ‖v±
x ‖H2

xa
‖ω±

xxx‖2
L2

xa
+ ‖ω±‖H2

xa
‖ω±

xxx‖L2
xa

‖v±
xxx‖L2

xa

+‖v±
xxx‖L2

xa
‖ω±

xx‖2
H1

xa
,

d

dt
‖ω±

xxa‖2
L2

xa
� ‖v±

x ‖L∞
xa

‖ω±
xxa‖2

L2
xa

+ ‖v±
xxx‖L2

xa
‖ω±

xa‖2
L4

xa

+‖ω±
xxa‖L2

xa
‖ω±

x ‖L4
xa

‖ω±
xx‖L4

xa
+ ‖ω±

xxa‖L2
xa

‖ω±
x ‖3

L6
xa

+‖ω±‖L∞
xa

‖ω±
xxa‖L2

xa
‖ω±

x ‖L4
xa

‖ω±
xx‖L4

xa

+‖ω±
xxa‖L2

xa
‖v±

xxx‖L2
xa

‖ω±
a ‖L∞

xa

� ‖v±
x ‖H2

xa
‖ω±

xxa‖2
L2

xa
+ ‖v±

xxx‖L2
xa

‖ω±
xa‖2

H1
xa

+‖ω±
xxa‖L2

xa
‖ω±

x ‖H1
xa

‖ω±
xx‖H1

xa
+ ‖ω±

xxa‖L2
xa

‖ω±
x ‖3

H1
xa

+‖ω±‖H2
xa

‖ω±
xxa‖L2

xa
‖ω±

x ‖H1
xa

‖ω±
xx‖H1

xa

+‖ω±
xxa‖L2

xa
‖v±

xxx‖L2
xa

‖ω±
a ‖H2

xa
,

d

dt
‖ω±

xaa‖2
L2

xa
� ‖ω±‖L∞

xa
‖ω±

xaa‖L2
xa

‖ω±
xxa‖L2

xa
+ ‖ω±

xaa‖L2
xa

‖ω±
xx‖L4

xa
‖ω±

a ‖L4
xa

+‖ω±
xaa‖L2

xa
‖v±

xx‖L4
xa

‖ω±
aa‖L4

xa
+ ‖ω±

xaa‖L2
xa

‖ω±
xa‖L4

xa
‖ω±

x ‖L4
xa

+‖ω±
xaa‖L2

xa
‖ω±

xa‖2
L4

xa
+ ‖v±

x ‖L∞
xa

‖ω±
xaa‖2

L2
xa

� ‖ω±‖H2
xa

‖ω±
xaa‖L2

xa
‖ω±

xxa‖L2
xa

+ ‖ω±
xaa‖L2

xa
‖ω±

xx‖H1
xa

‖ω±
a ‖H1

xa

+‖ω±
xaa‖L2

xa
‖v±

xx‖H1
xa

‖ω±
aa‖H1

xa
+ ‖ω±

xaa‖L2
xa

‖ω±
xa‖H1

xa
‖ω±

x ‖H1
xa
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+‖ω±
xaa‖L2

xa
‖ω±

xa‖2
H1

xa
‖v±

x ‖H2
xa

‖ω±
xaa‖2

L2
xa
,

d

dt
‖ω±

aaa‖2
L2

xa
� ‖ω±‖L∞

xa
‖ω±

xaa‖L2
xa

‖ω±
aaa‖L2

xa
+ ‖ω±

aaa‖L2
xa

‖ω±
aa‖L4

xa
‖ω±

x ‖L4
xa

+‖ω±‖L∞
xa

‖ω±
aaa‖L2

xa
‖ω±

xa‖L2
xa

+ ‖ω±
aaa‖L2

xa
‖ω±

a ‖L4
xa

‖ω±
x ‖L4

xa

‖v±
x ‖L∞

xa
‖ω±

aaa‖2
L2

xa

� ‖ω±‖H2
xa

‖ω±
xaa‖L2

xa
‖ω±

aaa‖L2
xa

+ ‖ω±
aaa‖L2

xa
‖ω±

aa‖H1
xa

‖ω±
x ‖H1

xa

+‖ω±‖H2
xa

‖ω±
aaa‖L2

xa
‖ω±

xa‖L2
xa

+ ‖ω±
aaa‖L2

xa
‖ω±

a ‖H1
xa

‖ω±
x ‖H1

xa

‖v±
x ‖H2

xa
‖ω±

aaa‖2
L2

xa
.

4.4.4. A priori estimates for γ± As the structure of the equation (65) is the same
as the structure of the equation (64), a priori estimates for γ± are the same as for
ω± and are obtained straightforwardly by substituting γ± for ω±.

4.4.5. A priori estimates for v± Sometimes, to simplify the notation, we omit
the dependence of functions on the variables t and x .

By differentiating the equation (48) three times with respect to x , we obtain

R±
x (t, x, a) = A(v±(a))v±

x (a) +
∫ 1

0

(
v−

x (ν)

v−(ν) − v±(a)

− v+
x (ν)

v+(ν) − v±(a)

)
dν, (66)

R±
xx (t, x, a) +

∫ 1

0

{(
v−

x (ν) − v±
x (a)

v−(ν) − v±(a)

)2

−
(
v+

x (ν) − v±
x (a)

v+(ν) − v±(a)

)2
}

dν

= A(v±(a))v±
xx (a) +

∫ 1

0

(
v−

xx (ν)

v−(ν) − v±(a)
− v+

xx (ν)

v+(ν) − v±(a)

)
dν, (67)

and

R±
xxx (t, x, a) − 2

∫ 1

0

{(
v−

x (ν) − v±
x (a)

v−(ν) − v±(a)

)3

−
(
v+

x (ν) − v±
x (a)

v+(ν) − v±(a)

)3
}

dν

+ 3
∫ 1

0

{(
v−

xx (ν) − v±
xx (a)

v−(ν) − v±(a)

)(
v−

x (ν) − v±
x (a)

v−(ν) − v±(a)

)

−
(
v+

xx (ν) − v±
xx (a)

v+(ν) − v±(a)

)(
v+

x (ν) − v±
x (a)

v+(ν) − v±(a)

)}
dν

= A(v±(a))v±
xxx (a) +

∫ 1

0

(
v−

xxx (ν)

v−(ν) − v±(a)
− v+

xxx (ν)

v+(ν) − v±(a)

)
dν. (68)

Using the change of variables (61), equations (66), (67) and (68) can be recast
respectively as
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Rx (z) = A(z)vx (z) +
∫
�

vx (τ )

τ − z

dτ

ω(τ)
= (P+χ−(z) + P−χ+(z))vx (z),

(69)

Rxx (z) +
∫
�

(
vx (τ ) − vx (z)

τ − z

)2 dτ

ω(τ)

= A(z)vxx (z) +
∫
�

vxx (τ )

τ − z

dτ

ω(τ)
= (P+χ−(z) + P−χ+(z))vxx (z),

(70)

and

Rxxx (z) − 2
∫
�

(
vx (τ ) − vx (z)

τ − z

)3 dτ

ω(τ)
+ 3

∫
�

(
vxx (τ ) − vxx (z)

τ − z

)

×
(
vx (τ ) − vx (z)

τ − z

)
dτ

ω(τ)
= A(z)vxxx (z) +

∫
�

vxxx (τ )

τ − z

dτ

ω(τ)

= (P+χ−(z) + P−χ+(z))vxxx (z). (71)

In equations (66)–(71) the integrals must be evaluated in the sense of the prin-
cipal value. For arbitrary piecewise smooth curve �, we denote by PX(�,D�)

the space of piecewise smooth functions with jump discontinuity at τ ∈ D� =
{vc}: PX(�,D�) := {

g ∈ X(�±)
}
, where X(�±) denotes one of the spaces

C m(�±),C m,μ(�±), with 0 < μ < 1. Since we have supposed that for t
fixed, v±(t) ∈ H3

xa and since we have the embedding H3(R2) ↪→ C 1,μ(R2),
with 0 < μ < 1, then v±(t) ∈ C 1,μ

xa and therefore v(t) ∈ PC 1,μ({R/Z} ×
�,D�), ω(t) ∈ PC 0,μ({R/Z} × �,D�) and γ (t) ∈ PC 0,μ({R/Z} × �,D�).
Since ω(t) ∈ PC 0,μ({R/Z} × �,D�) and γ (t) ∈ PC 0,μ({R/Z} × �,D�), under
the condition of Lemma 1, the operator P+χ−I + P−χ+I is a Fredholm right-
invertible operator on the space L2(�). Let us now compute the inverse of the
operator P+χ−I + P−χ+I, which is equivalent to solving a non-homogeneous
Riemann–Hilbert boundary value problem [30,33,34,52,54]. Let us first invert the
equation (69). Let us set

�(z) = 1

2π i

∫
�

B(τ )vx (τ )

τ − z
dτ, z ∈ C \ �,

where B(τ ) = iπ/ω(τ) = iπ/ω(t, x, v−1(τ )) = iπγ (τ) = iπγ (t, x, v−1(τ )) �=
0 and �(∞) = 0. Using the Sokhotskii–Plemelj formula [30,52,54], the limiting
values of the sectionally analytic function �(z) from the upper and lower half-
planes in the section � are given by

�±(z) = ±1

2
B(z)vx (z) + 1

2π i
p.v.

∫
�

B(τ )vx (τ )

τ − z
dτ = ±P± B(z)vx (z), z ∈ �.

By observing that

�+(z)+�−(z)= 1

π
p.v.

∫
�

B(τ )vx (τ )

τ − z
dτ, and �+(z) − �−(z) = B(z)vx (z),
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then equation (69) is equivalent to

A(z)

B(z)

(
�+(z) − �−(z)

)+ �+(z) + �−(z) = Rx (z)

or

�+(z) = A(z) − B(z)

A(z) + B(z)
�−(z) + B(z)Rx (z)

A(z) + B(z)
, z ∈ �. (72)

The solution of the homogeneous Riemann–Hilbert boundary value problem

�+(z) = A(z) − B(z)

A(z) + B(z)
�−(z), z ∈ �, (73)

have been computed in Section 3.3.2 and is equal to X P1 = χ P1/�, where P1(z) =
α0 + α1z is a polynomial of degree one. We now look for the general solution
of the non-homogeneous Riemann–Hilbert boundary value problem (72) which
is the sum of the general solution of the homogeneous Riemann–Hilbert bound-
ary value problem (73) and a particular solution of the non-homogeneous one
[30,33,34,52,54]. Since the function X is the canonical solution of the problem
(73) (see Section 3.3.2), the problem (72) is equivalent to finding the function �(z),
sectionally holomorphic in C \ �, whose boundary values �+ and �− satisfy the
boundary condition

�+(z) − �−(z) = �(z)B(z)Rx (z)

|χ+(z)|2 , z ∈ �, (74)

where � = �/X . Using the Sokhotskii–Plemelj formula [30,52,54], we see that

�(z) = 1

2π i

∫
�

�(τ)B(τ )Rx (τ )

|χ+(τ )|2(τ − z)
dτ, z ∈ C \ �, (75)

is a solution of (74), with �(∞) = 0. From (72)–(75) we have

[
�(z)

X (z)
− �(z)

]+
=
[
�(z)

X (z)
− �(z)

]−
, z ∈ �.

The last relation indicates that the function [�/X −�]+ analytic in the upper plane
and the function [�/X − �]− analytic in the lower plane constitute the analytic
continuation of each other through the contour �. According to the generalized
Liouville Theorem [1,30], the holomorphic function �/X − � must reduce to a
polynomial of second degree, that is, � = X (� + P2). Since �(∞) = �(∞) = 0
and χ(∞) = 1, the coefficient of the monomial of highest degree in P2 is zero,
hence P2(z) reduces to P1(z) = α0 + α1z, a polynomial of degree one. Finally the
solution of (72) is given by

�(z) = χ(z)

�(z)

(
P1(z) + 1

2π i

∫
�

�(τ)B(τ )Rx (τ )

|χ+(τ )|2(τ − z)
dτ

)
, z ∈ C \ �.
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Therefore, using the Sokhotskii–Plemelj formula [30,52,54], we obtain

vx (z) = �+(z) − �−(z)

B(z)
= −2

P1(z)

�(z)
+ A(z)Rx (z)

|χ+(z)|2
− 1

�(z)

∫
�

�(τ)γ (τ )Rx (τ )

|χ+(τ )|2(τ − z)
dτ, z ∈ �. (76)

In the same way we can invert equations (70) and (71) to obtain respectively, for
z ∈ �,

vxx (z) = −2
P1(z)

�(z)
+ A(z)

|χ+(z)|2
(

Rxx (z) +
∫
�

(
vx (τ ) − vx (z)

τ − z

)2

γ (τ)dτ

)

− 1

�(z)

∫
�

�(τ)γ (τ )Rxx (τ )

|χ+(τ )|2(τ − z)
dτ

− 1

�(z)

∫
�

∫
�

�(τ1)γ (τ1)γ (τ2)

|χ+(τ1)|2(τ1 − z)

(
vx (τ2) − vx (τ1)

τ2 − τ1

)2

dτ2dτ1,

(77)

and

vxxx (z) = −2
P1(z)

�(z)
+ A(z)

|χ+(z)|2
(

Rxxx (z) − 2
∫
�

(
vx (τ ) − vx (z)

τ − z

)3

γ (τ)dτ

+ 3
∫
�

(
vxx (τ ) − vxx (z)

τ − z

)(
vx (τ ) − vx (z)

τ − z

)
γ (τ)dτ

)

− 1

�(z)

∫
�

�(τ)γ (τ )Rxxx (τ )

|χ+(τ )|2(τ − z)
dτ + 2

�(z)

∫
�

∫
�

�(τ1)γ (τ1)γ (τ2)

|χ+(τ1)|2(τ1 − z)

×
(
vx (τ2) − vx (τ1)

τ2 − τ1

)3

dτ2dτ1 − 3

�(z)

∫
�

∫
�

�(τ1)γ (τ1)γ (τ2)

|χ+(τ1)|2(τ1 − z)

×
(
vxx (τ2) − vxx (τ1)

τ2 − τ1

)(
vx (τ2) − vx (τ1)

τ2 − τ1

)
dτ2dτ1. (78)

Using the change of variables (61) equations (76)–(78) can be recast respectively
as

v±
x (t, x, a) = −2

P1(v
±(t, x, a))

�(v±(t, x, a))
+ A(v±(t, x, a))R±

x (t, x, a)

|χ+(v±(t, x, a))|2

− 1

�(v±(t, x, a))

∫ 1

0

�(v−(t, x, ν))|χ+(v−(t, x, ν))|−2R−
x (t, x, ν)

(v−(t, x, ν) − v±(t, x, a))
dν

+ 1

�(v±(t, x, a))

∫ 1

0

�(v+(t, x, ν))|χ+(v+(t, x, ν))|−2R+
x (t, x, ν)

(v+(t, x, ν) − v±(t, x, a))
dν, (79)

v±
xx (t, x, a) = −2

P1(v
±(t, x, a))

�(v±(t, x, a))
+ A(v±(t, x, a))

|χ+(v±(t, x, a))|2
(
R±

xx (t, x, a)

+
∫ 1

0

(
v−

x (t, x, ν)−v±
x (t, x, a)

v−(t, x, ν) − v±(t, x, a)

)2

dν−
∫ 1

0

(
v+

x (t, x, ν)−v±
x (t, x, a)

v+(t, x, ν)−v±(t, x, a)

)2

dν

)
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− 1

�(v±(t, x, a))

∫ 1

0

�(v−(t, x, ν))|χ+(v−(t, x, ν))|−2R−
xx (t, x, ν)

(v−(t, x, ν) − v±(t, x, a))
dν

+ 1

�(v±(t, x, a))

∫ 1

0

�(v+(t, x, ν))|χ+(v+(t, x, ν))|−2R+
xx (t, x, ν)

(v−(t, x, ν) − v±(t, x, a))
dν

− 1

�(v±(t, x, a))

∫ 1

0

∫ 1

0

{
�(v−(t, x, ν))|χ+(v−(t, x, ν1))|−2

(v−(t, x, ν1) − v±(t, x, a))

− �(v+(t, x, ν))|χ+(v+(t, x, ν1))|−2

(v+(t, x, ν1) − v±(t, x, a))

}

×
{(

v−
x (t, x, ν2)−v±

x (t, x, ν1)

v−(t, x, ν2)−v±(t, x, ν1)

)2

−
(
v+

x (t, x, ν2)−v±
x (t, x, ν1)

v+(t, x, ν2)−v±(t, x, ν1)

)2
}

dν2dν1,

(80)

and

v±
xxx (t, x, a) = −2

P1(v
±(t, x, a))

�(v±(t, x, a))
+ A(v±(t, x, a))

|χ+(v±(t, x, a))|2
(
R±

xxx (t, x, a)

− 2
∫ 1

0

(
v−

x (t, x, ν) − v±
x (t, x, a)

v−(t, x, ν) − v±(t, x, a)

)3

dν

+ 2
∫ 1

0

(
v+

x (t, x, ν) − v±
x (t, x, a)

v+(t, x, ν) − v±(t, x, a)

)3

dν

+ 3
∫ 1

0

(
v−

xx (t, x, ν) − v±
xx (t, x, a)

v−(t, x, ν) − v±(t, x, a)

)(
v−

x (t, x, ν) − v±
x (t, x, a)

v−(t, x, ν) − v±(t, x, a)

)
dν

− 3
∫ 1

0

(
v+

xx (t, x, ν) − v±
xx (t, x, a)

v+(t, x, ν) − v±(t, x, a)

)(
v+

x (t, x, ν) − v±
x (t, x, a)

v+(t, x, ν) − v±(t, x, a)

)
dν

)

− 1

�(v±(t, x, a))

∫ 1

0

�(v−(t, x, ν))|χ+(v−(t, x, ν))|−2R−
xxx (t, x, ν)

v−(t, x, ν) − v±(t, x, a)
dν

+ 1

�(v±(t, x, a))

∫ 1

0

�(v+(t, x, ν))|χ+(v+(t, x, ν))|−2R+
xxx (t, x, ν)

v+(t, x, ν) − v±(t, x, a)
dν

+ 1

�(v±(t, x, a))

∫ 1

0

∫ 1

0

{
�(v−(t, x, ν))|χ+(v−(t, x, ν1))|−2

(v−(t, x, ν1) − v±(t, x, a))

− �(v+(t, x, ν))|χ+(v+(t, x, ν1))|−2

(v+(t, x, ν1) − v±(t, x, a))

}

×
{

2

[(
v−

x (t, x, ν2) − v±
x (t, x, ν1)

v−(t, x, ν2) − v±(t, x, ν1)

)3

−
(
v+

x (t, x, ν2) − v±
x (t, x, ν1)

v+(t, x, ν2) − v±(t, x, ν1)

)3
]

− 3

[(
v−

xx (t, x, ν2) − v±
xx (t, x, ν1)

v−(t, x, ν2) − v±(t, x, ν1)

)(
v−

x (t, x, ν2) − v±
x (t, x, ν1)

v−(t, x, ν2) − v±(t, x, ν1)

)

−
(
v+

xx (t, x, ν2) − v±
xx (t, x, ν1)

v+(t, x, ν2) − v±(t, x, ν1)

)(
v+

x (t, x, ν2) − v±
x (t, x, ν1)

v+(t, x, ν2) − v±(t, x, ν1)

)]}
dν2dν1,

(81)
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where |χ+(v±(t, x, a))|2 = |A(v±(t, x, a))|2 + π2|γ±(t, x, a)|2. In equations
(76)–(81) the integrals must be evaluated in the sense of the principal value.

In order to estimate the derivatives of v± with respect to x , we will use the four
following lemmas from singular integral equations and harmonic analysis theory.

Lemma 2. Let � and z(s) be, respectively, a rectifiable Jordan curve and its para-
metric representation. For all chord-arc (or Lavrentiev) curves � : z = z(s), the
corresponding Cauchy integral operator S� , defined by

(S�ϕ)(s) = p.v.
∫

ϕ(σ)dσ

z(s) − z(σ )
,

is bounded from L p(ds) to L p(ds), with 1 < p < ∞ and we set
CS�

= ‖S�‖L(L p,L p).

Proof. For the proof let us see [11,17,21,24,25,33,39,45–47,49,55]. In fact, the
result in [24] is stronger than stated above. In [24] the author proved that the Cau-
chy integral operator S� is bounded from L p to L p if and only if � is an Ahlfors
or Carleson regular curve. A rectifiable Jordan curve � is said to be an Ahlfors
or Carleson regular curve if there is a constant C > 0 such that for every r > 0
and every disc D with radius r , the length of � ∩ D is less than Cr . An example
of an Ahlfors or Carleson regular curve is a Lavrentiev or chord-arc curve which
is a rectifiable Jordan curve z(s) for which there is a constant C � 1 such that
for all s1, s2, |s1 − s2| � C |z(s1) − z(s2)|. A chord-arc curve is an Ahlfors or
Carleson regular curve but not vice versa. In fact, for t and x fixed, the waterbag
continuum v±(t, x) defines a chord-arc or Lavrentiev curve because γ±(t) ∈ L∞

xa
and W 1,∞(Rn) ↪→ C 0,1(Rn). In fact, there exist two constants C± � 1 such that
for all a1, a2 ∈ [0, 1], |a1 − a2| � C±|v±(a1) − v±(a2)|, where C± � ‖γ±‖L∞

t xa
.

Besides, the waterbag continuum v±(t, x) defines a Liapunov (or Lipschitz) curve
(that is ∃K ± > 0, ∀ a1, a2 ∈ [0, 1], |v±(a1)−v±(a2)| � K ±|a1−a2|) because
ω±(t) ∈ L∞

xa and W 1,∞(Rn) ↪→ C 0,1(Rn). Moreover we have K ± � ‖ω±‖L∞
t xa

.
��

Lemma 3. For all t fixed, let us suppose f (t) = f (t, x, a) ∈ L∞
xa, ∂a f (t) ∈ L∞

xa
and positive integer k. Then the Calderón commutator

(C(k)ϕ)(t, x, a) = p.v.
∫ 1

0

( f (t, x, a) − f (t, x, ν))k

(a − ν)k+1 ϕ(x, ν)dν,

is bounded from L p
xa to L p

xa, with 1 < p < ∞, for all t fixed. Moreover, we have

‖C(k)ϕ(t)‖L p
xa

� Ck‖∂a f (t)‖k
L

∞
xa

‖ϕ(t)‖L p
xa
.

Proof. For the proof, we refer to section 6 of chapter 9 in [46], or section 4 of
chapter 7 in [55] or [11,22,26,50,51]. ��
Lemma 4. For all t fixed, let us suppose that v±(t), ω±(t) and γ±(t) belong to
L∞

xa. Then the corresponding Cauchy integral operator C�± , where
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(C�±ϕ)(t, x, a) = p.v.
∫
�±

ϕ(x, ν)dv±(t, x, ν)

v±(t, x, ν) − v±(t, x, a)

= ∓p.v.
∫ 1

0

ϕ(x, ν)ω±(t, x, ν)dν

v±(t, x, ν) − v±(t, x, a)
,

is bounded from L p
xa to L p

xa, with 1 < p < ∞, for all t fixed. Moreover, we have

‖C�±‖L(L p
xa ,L

p
xa)

� CS�± ‖ω±(t)‖L
∞
xa
.

Proof. Since γ±(t), ω±(t) ∈ L∞
xa , the waterbag continuum constitutes a family

of Liapunov (or Lipschitz) and Lavrentiev (or chord-arc) curves. Using Lemma 2,
proof is straightforward. ��
Lemma 5. For all t fixed, let us suppose that v±(t), ω±(t) and γ±(t) belong to
L∞

xa. Then the operator

(S�±�∓ϕ)(t, x, a) =
∫
�±

ϕ(x, ν)dv±(t, x, ν)

v±(t, x, ν) − v∓(t, x, a)

= ∓
∫ 1

0

ϕ(x, ν)ω±(t, x, ν)dν

v±(t, x, ν) − v∓(t, x, a)
,

is bounded from L p
xa to L p

xa, with 1 < p < ∞, for all t fixed. Moreover, we have

‖S�±�∓‖L(L p
xa ,L

p
xa)

� CS�
‖ω(t)‖L

∞
xa
,

where ‖ω(t)‖L
∞
xa

= sup
{
‖ω−(t)‖L

∞
xa
, ‖ω+(t)‖L

∞
xa

}
.

Proof. Since for all t, ω±(t) ∈ L∞
xa , we can define ϕ̂ by ϕ̂(x, v±(t, x, ν)) =

ϕ(x, ν). We next consider the function ϕ̃(x, ·) as the extension of ϕ̂(x, ·) ∈ L p(�−)

(resp. ϕ̂(x, ·) ∈ L p(�+)) on the curve� by setting it equal to zero on�+ (resp.�−).
Since now the waterbag continuum constitutes a family of Liapunov (or Lipschitz)
and Lavrentiev (or chord-arc) curves, using Lemma 2 we get

‖S�±�∓ϕ‖p
L p

xa
=
∫ 1

0
dx
∫ 1

0
da

∣∣∣∣
∫ 1

0

ϕ(x, ν)dv±(t, x, ν)

v±(t, x, ν) − v∓(t, x, a)

∣∣∣∣
p

=
∫ 1

0
dx
∫ 1

0
da

∣∣∣∣
∫ 1

0

ϕ̂(x, v±(t, x, ν))dv±(t, x, ν)

v±(t, x, ν) − v∓(t, x, a)

∣∣∣∣
p

�
∫ 1

0
dx
∫ 1

0
da

∣∣∣∣
∫
�

ϕ̃(x, τ )dτ

τ − v

∣∣∣∣
p

=
∫ 1

0
dx
∫ 1

0
da

∣∣∣∣
∫ 1

0

ϕ̃(x, v(t, x, ν))dv(t, x, ν)

v(t, x, ν) − v(t, x, a)

∣∣∣∣
p

� C p
S�

‖ω(t)‖p

L
∞
xa

‖ϕ(t)‖p
L p

xa
.

��
Before going further we note the two following inequalities which we will use

many times in the sequel. We first have
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|A(v±(t, x, a))|
|χ+(v±(t, x, a))|2 � |χ+(v±(t, x, a))|

|χ+(v±(t, x, a))|2 � |ω±(t, x, a)|, (82)

and

1

|χ+(v±(t, x, a))|2 � 1

π2|γ±(t, x, a)|2 � |ω±(t, x, a)|2. (83)

Using the properties (32)–(34) resulting from the study of the eigenvalue problem
in Section 3.2, there exist two constants κ > 0, and K > 0 such that

κ−1 � |�(v±(t, x, a))| � K, (84)

so that we get

‖P1(v
±)‖L p

xa
� C(α0, α1)‖v±‖L∞

xa
, and∥∥∥∥ P1(v

±)

�(v±)

∥∥∥∥
L p

xa

� C(α0, α1, κ)‖v±‖L∞
xa
. (85)

L2-estimate for v±
x

Using inequality (82) the first term of the right-hand side of (80) is bounded as
∥∥∥∥ |A(v±(t, x, a))|R±

x (t, x, a)

|χ+(v±(t, x, a))|2
∥∥∥∥

L2
xa

� ‖ω±‖L
∞
xa

‖R±
x ‖L2

xa
. (86)

Using inequalities (83)–(84), Lemmas 4 and 5 we get

∥∥∥∥ 1

�(v±(t, x, a))

∫ 1

0

�(v+(t, x, ν))|χ+(v+(t, x, ν))|−2R+
x (t, x, ν)

v+(t, x, ν) − v±(t, x, a)
dν

∥∥∥∥
L2

xa

� C(κ,K)‖ω+‖L
∞
xa

‖ω‖L
∞
xa

‖R+
x ‖L2

xa
, (87)

and
∥∥∥∥ 1

�(v±(t, x, a))

∫ 1

0

�(v−(t, x, ν))|χ+(v−(t, x, ν))|−2R−
x (t, x, ν)

v−(t, x, ν) − v±(t, x, a)
dν

∥∥∥∥
L2

xa

� C(κ,K)‖ω−‖L
∞
xa

‖ω‖L
∞
xa

‖R−
x ‖L2

xa
. (88)

L p-estimate for v±
xx

As we have done for the estimate of v±
x , we get for 1 < p < ∞,

∥∥∥∥ |A(v±(t, x, a))|R±
xx (t, x, a)

|χ+(v±(t, x, a))|2
∥∥∥∥

L p
xa

� ‖ω±‖L
∞
xa

‖R±
xx‖L p

xa
, (89)

∥∥∥∥ 1

�(v±(t, x, a))

∫ 1

0

�(v+(t, x, ν))|χ+(v+(t, x, ν))|−2R+
xx (t, x, ν)

(v+(t, x, ν) − v±(t, x, a)
dν

∥∥∥∥
L p

xa

� C(κ,K)‖ω+‖L
∞
xa

‖ω‖L
∞
xa

‖R+
xx‖L p

xa
, (90)
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and

∥∥∥∥ 1

�(v±(t, x, a))

∫ 1

0

�(v−(t, x, ν))|χ+(v−(t, x, ν))|−2R−
xx (t, x, ν)

v−(t, x, ν) − v±(t, x, a)
dν

∥∥∥∥
L p

xa

� C(κ,K)‖ω−‖L
∞
xa

‖ω‖L
∞
xa

‖R−
xx‖L p

xa
. (91)

Let us set now

T −,−
1 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(
v−

x (t, x, ν) − v−
x (t, x, a)

v−(t, x, ν) − v−(t, x, a)

)2

dν, (92)

and

T +,+
1 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(
v+

x (t, x, ν) − v+
x (t, x, a)

v+(t, x, ν) − v+(t, x, a)

)2

dν. (93)

As we have W 1,∞(Rn) ↪→ C 0,1(Rn) we get

|T −,−
1 | � |A(v±(t, x, a))|

|χ+(v±(t, x, a))|2
∫ 1

0

(
v−

x (t, x, ν) − v−
x (t, x, a)

ν − a

)2

×
(
v−(t, x, ν) − v−(t, x, a)

ν − a

)−2

dν � ‖ω±‖L
∞
xa

‖ω−
x ‖2

L
∞
xa

‖γ−‖2
L

∞
xa
.

Therefore we obtain

‖T −,−
1 ‖L p

xa
� ‖ω±‖L

∞
xa

‖ω−
x ‖2

L
∞
xa

‖γ−‖2
L

∞
xa
. (94)

In the same way we get

‖T +,+
1 ‖L p

xa
� ‖ω±‖L

∞
xa

‖ω+
x ‖2

L
∞
xa

‖γ+‖2
L

∞
xa
. (95)

Let us now set

T −,+
1 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(
v−

x (t, x, ν) − v+
x (t, x, a)

v−(t, x, ν) − v+(t, x, a)

)2

dν, (96)

and

T +,−
1 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(
v+

x (t, x, ν) − v−
x (t, x, a)

v+(t, x, ν) − v−(t, x, a)

)2

dν. (97)

By noting that v−(t, x, ν)− v−(t, x, 1) � 0 and v+(t, x, 1)− v+(t, x, a) � 0 and
by assuming that v+

x (t, x, 1) = v−
x (t, x, 1) (recall that v+(t, x, 1) = v−(t, x, 1)),

then using the embedding W 1,∞(Rn) ↪→ C 0,1(Rn) we have the following estimate
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∣∣∣∣v
−
x (t, x, ν) − v+

x (t, x, a)

v−(t, x, ν) − v+(t, x, a)

∣∣∣∣
=
∣∣∣∣v

−
x (t, x, ν) − v−

x (t, x, 1) + v+
x (t, x, 1) − v+

x (t, x, a)

v−(t, x, ν) − v−(t, x, 1) + v+(t, x, 1) − v+(t, x, a)

∣∣∣∣
�
∣∣∣∣ v−

x (t, x, ν) − v−
x (t, x, 1)

v−(t, x, ν) − v−(t, x, 1) + v+(t, x, 1) − v+(t, x, a)

∣∣∣∣
+
∣∣∣∣ v+

x (t, x, 1) − v+
x (t, x, a)

v−(t, x, ν) − v−(t, x, 1) + v+(t, x, 1) − v+(t, x, a)

∣∣∣∣
�
∣∣∣∣v

−
x (t, x, ν) − v−

x (t, x, 1)

v−(t, x, ν) − v−(t, x, 1)

∣∣∣∣+
∣∣∣∣v

+
x (t, x, 1) − v+

x (t, x, a)

v+(t, x, 1) − v+(t, x, a)

∣∣∣∣
� ‖ω+

x ‖L
∞
xa

‖γ+‖L
∞
xa

+ ‖ω−
x ‖L

∞
xa

‖γ−‖L
∞
xa
. (98)

Using (98) we obtain

‖T −,+
1 ‖L p

xa
� ‖ω±‖L

∞
xa

(
‖ω−

x ‖L
∞
xa

‖γ−‖L
∞
xa

+ ‖ω+
x ‖L

∞
xa

‖γ+‖L
∞
xa

)2
, (99)

and

‖T +,−
1 ‖L p

xa
� ‖ω±‖L

∞
xa

(
‖ω−

x ‖L
∞
xa

‖γ−‖L
∞
xa

+ ‖ω+
x ‖L

∞
xa

‖γ+‖L
∞
xa

)2
. (100)

Let us now define

T
±
1 = 1

�(v±(t, x, a))

∫ 1

0

[
�(v−(t, x, ν))|χ+(v−(t, x, ν1))|−2

v−(t, x, ν1) − v±(t, x, a)

−�(v+(t, x, ν))|χ+(v+(t, x, ν1))|−2

v+(t, x, ν1) − v±(t, x, a)

] [
f ±− (t, x, ν1) − f ±+ (t, x, ν1)

]
dν1,

where

f ±− (t, x, ν1) =
∫ 1

0

(
v−

x (t, x, ν2) − v±
x (t, x, ν1)

v−(t, x, ν2) − v±(t, x, ν1)

)2

dν2,

f ±+ (t, x, ν1) =
∫ 1

0

(
v+

x (t, x, ν2) − v±
x (t, x, ν1)

v+(t, x, ν2) − v±(t, x, ν1)

)2

dν2.

Using inequalities (83)–(84), Lemmas 4 and 5 we get

‖T
±
1 ‖L p

xa
� C(κ,K)‖ω‖L

∞
xa

(
‖ω−‖L

∞
xa

+ ‖ω+‖L
∞
xa

) (
‖ f ±− ‖L p

xa
+ ‖ f ±+ ‖L p

xa

)
.

(101)

As we have done to estimate the term T ±,±
1 , we obtain

‖ f +− ‖L p
xa

�
(
‖ω−

x ‖L
∞
xa

‖γ−‖L
∞
xa

+ ‖ω+
x ‖L

∞
xa

‖γ+‖L
∞
xa

)2
(102)

‖ f −+ ‖L p
xa

�
(
‖ω−

x ‖L
∞
xa

‖γ−‖L
∞
xa

+ ‖ω+
x ‖L

∞
xa

‖γ+‖L
∞
xa

)2
(103)

‖ f −− ‖L p
xa

� ‖ω−
x ‖2

L
∞
xa

‖γ−‖2
L

∞
xa

(104)

‖ f ++ ‖L p
xa

� ‖ω+
x ‖2

L
∞
xa

‖γ+‖2
L

∞
xa
. (105)
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Using (102)–(105), estimate (101) becomes

‖T
±
1 ‖L p

xa
� C(κ,K)‖ω‖L

∞
xa

(
‖ω−‖L

∞
xa

+ ‖ω+‖L
∞
xa

) (
‖ω−

x ‖L
∞
xa

‖γ−‖L
∞
xa

+‖ω+
x ‖L

∞
xa

‖γ+‖L
∞
xa

)2
, (106)

which ends the L p-estimate of v±
xx .

L2-estimate for v±
xxx

In the same way we have estimated the term v±
xx , we get∥∥∥∥ |A(v±(t, x, a))|R±

xxx (t, x, a)

|χ+(v±(t, x, a))|2
∥∥∥∥

L2
xa

� ‖ω±‖L
∞
xa

‖R±
xxx‖L2

xa
, (107)

∥∥∥∥ 1

�(v±(t, x, a))

∫ 1

0

�(v+(t, x, ν))|χ+(v+(t, x, ν))|−2R+
xxx (t, x, ν)

v+(t, x, ν) − v±(t, x, a)
dν

∥∥∥∥
L2

xa

� C(κ,K)‖ω+‖L
∞
xa

‖ω‖L
∞
xa

‖R+
xxx‖L2

xa
, (108)∥∥∥∥ 1

�(v±(t, x, a))

∫ 1

0

�(v−(t, x, ν))|χ+(v−(t, x, ν))|−2R−
xxx (t, x, ν)

v−(t, x, ν) − v±(t, x, a)
dν

∥∥∥∥
L2

xa

� C(κ,K)‖ω−‖L
∞
xa

‖ω‖L
∞
xa

‖R−
xxx‖L2

xa
, (109)

and ∥∥∥∥∥
A(v±(t, x, a))

|χ+(v±(t, x, a))|2
{∫ 1

0

(
v−

x (t, x, ν) − v±
x (t, x, a)

v−(t, x, ν) − v±(t, x, a)

)3

dν

−
∫ 1

0

(
v+

x (t, x, ν) − v±
x (t, x, a)

v+(t, x, ν) − v±(t, x, a)

)3

dν

}∥∥∥∥∥
L2

xa

� ‖ω±‖L
∞
xa

(
‖ω+

x ‖3
L

∞
xa

‖γ+‖3
L

∞
xa

+ ‖ω−
x ‖3

L
∞
xa

‖γ−‖3
L

∞
xa

)
. (110)

Let us now set

T −,−
2 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(
v−

xx (t, x, ν) − v−
xx (t, x, a)

v−(t, x, ν) − v−(t, x, a)

)

×
(
v−

x (t, x, ν) − v−
x (t, x, a)

v−(t, x, ν) − v−(t, x, a)

)
dν, (111)

and

T +,+
2 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(
v+

xx (t, x, ν) − v+
xx (t, x, a)

v+(t, x, ν) − v+(t, x, a)

)

×
(
v+

x (t, x, ν) − v+
x (t, x, a)

v+(t, x, ν) − v+(t, x, a)

)
dν. (112)

Let us start with T −,−
2 . The term T −,−

2 can be decomposed as

T −,−
2 = T −,−

21 − T −,−
22 , (113)
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where

T −,−
21 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

v−
xx (t, x, ν)

(
v−

x (t, x, ν) − v−
x (t, x, a)

)
(
v−(t, x, ν) − v−(t, x, a)

)2 dν

= A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

v−
xx (t, x, ν)

(
v−

x (t, x, ν) − v−
x (t, x, a)

)
(ν − a)2

×
(
v−(t, x, ν) − v−(t, x, a)

ν − a

)−2

dν,

and

T −,−
22 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2 v
−
xx (t, x, a)

∫ 1

0

(
v−

x (t, x, ν) − v−
x (t, x, a)

v−(t, x, ν) − v−(t, x, a)

)

× (γ−ω−)(t, x, ν)dν

v−(t, x, ν) − v−(t, x, a)
.

Using Lemma 3 we get

‖T −,−
21 ‖L2

xa
� C‖ω±‖L

∞
xa

‖ω−
x ‖L

∞
xa

‖γ−‖2
L

∞
xa

‖v−
xx‖L2

xa
.

Using Lemma 4 and Young’s inequality we get

‖T −,−
22 ‖L2

xa
� C‖ω±‖L

∞
xa

‖ω−‖L
∞
xa

‖v−
xx‖L4

xa
‖ω−

x ‖L
∞
xa

‖γ−‖L
∞
xa

‖γ−‖L4
xa
.

Therefore, we obtain for the term T −,−
2 the following bound

‖T −,−
2 ‖L2

xa
� C‖ω±‖L

∞
xa

‖ω−
x ‖L

∞
xa

‖γ−‖2
L

∞
xa

‖ω−‖L
∞
xa

(
‖v−

xx‖L2
xa

+ ‖v−
xx‖L4

xa

)
.

(114)

In same way, we obtain for the term T +,+
2 the bound

‖T +,+
2 ‖L2

xa
� C‖ω±‖L

∞
xa

‖ω+
x ‖L

∞
xa

‖γ+‖2
L

∞
xa

‖ω+‖L
∞
xa

(
‖v+

xx‖L2
xa

+ ‖v+
xx‖L4

xa

)
.

(115)

The term ‖v±
xx‖L4

xa
in (114) and (115) is bounded using L p-estimate for v±

xx proved
above, in which we replace ‖R±

xx‖L4
xa

by ‖R±
xx‖H1

xa
because of the Sobolev embed-

ding L4(R2) ↪→ H1/2(R2). Let us now set

T −,+
2 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(
v−

xx (t, x, ν) − v+
xx (t, x, a)

v−(t, x, ν) − v+(t, x, a)

)

×
(
v−

x (t, x, ν) − v+
x (t, x, a)

v−(t, x, ν) − v+(t, x, a)

)
dν, (116)

and

T +,−
2 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(
v+

xx (t, x, ν) − v−
xx (t, x, a)

v+(t, x, ν) − v−(t, x, a)

)

×
(
v+

x (t, x, ν) − v−
x (t, x, a)

v+(t, x, ν) − v−(t, x, a)

)
dν. (117)
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Let us start with T −,+
2 . The term T −,+

2 can be decomposed as

T −,+
2 = T −,+

21 − T −,+
22 , (118)

where

T −,+
21 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2
∫ 1

0

(γ−ω−v−
xx )(t, x, ν)

v−(t, x, ν) − v+(t, x, a)

×
(
v−

x (t, x, ν) − v+
x (t, x, a)

v−(t, x, ν) − v+(t, x, a)

)
dν,

and

T −,+
22 = A(v±(t, x, a))

|χ+(v±(t, x, a))|2 v
−
xx (t, x, a)

∫ 1

0

(γ−ω−)(t, x, ν)

v−(t, x, ν) − v+(t, x, a)

×
(
v−

x (t, x, ν) − v+
x (t, x, a)

v−(t, x, ν) − v+(t, x, a)

)
dν.

Using Lemma 5, inequality (98) and Young’s inequality we get

‖T −,+
21 ‖L2

xa
� C‖ω±‖L

∞
xa

‖γ−‖L
∞
xa

‖v−
xx‖L2

xa
‖ω‖L

∞
xa

(
‖ω+

x ‖L
∞
xa

‖γ+‖L
∞
xa

+‖ω−
x ‖L

∞
xa

‖γ−‖L
∞
xa

)
,

and

‖T −,+
22 ‖L2

xa
� C‖ω±‖L

∞
xa

‖γ−‖L4
xa

‖v−
xx‖L4

xa
‖ω‖L

∞
xa

×
(
‖ω+

x ‖L
∞
xa

‖γ+‖L
∞
xa

+ ‖ω−
x ‖L

∞
xa

‖γ−‖L
∞
xa

)
.

Therefore, we obtain for the term T −,+
2 the following bound

‖T −,+
2 ‖L2

xa
� C‖ω±‖L

∞
xa

‖ω−
x ‖L

∞
xa

‖ω‖L
∞
xa(

‖ω+
x ‖L

∞
xa

‖γ+‖L
∞
xa

+ ‖ω−
x ‖L

∞
xa

‖γ−‖L
∞
xa

) (
‖v−

xx‖L2
xa

+ ‖v−
xx‖L4

xa

)
. (119)

In same way, we obtain for the term T +,−
2 the bound

‖T +,−
2 ‖L2

xa
� C‖ω±‖L

∞
xa

‖ω−
x ‖L

∞
xa

‖ω‖L
∞
xa

×
(
‖ω+

x ‖L
∞
xa

‖γ+‖L
∞
xa

+ ‖ω−
x ‖L

∞
xa

‖γ−‖L
∞
xa

) (
‖v−

xx‖L2
xa

+ ‖v−
xx‖L4

xa

)
. (120)

The term ‖v±
xx‖L4

xa
in (119) and (120) is bounded using L p-estimate for v±

xx proved
above, in which we replace ‖R±

xx‖L4
xa

by ‖R±
xx‖H1

xa
because of the Sobolev embed-

ding L4(R2) ↪→ H1/2(R2). Let us now define

T
±
2 = 1

�(v±(t, x, a))

∫ 1

0

[
�(v−(t, x, ν))|χ+(v−(t, x, ν1))|−2

v−(t, x, ν1) − v±(t, x, a)

−�(v+(t, x, ν))|χ+(v+(t, x, ν1))|−2

v+(t, x, ν1) − v±(t, x, a)

]

× [
f ±− (t, x, ν1) − f ±+ (t, x, ν1) − g±−(t, x, ν1) + g±+(t, x, ν1)

]
dν1, (121)
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where

f ±− (t, x, ν1) = 2
∫ 1

0

(
v−

x (t, x, ν2) − v±
x (t, x, ν1)

v−(t, x, ν2) − v±(t, x, ν1)

)3

dν2,

f ±+ (t, x, ν1) = 2
∫ 1

0

(
v+

x (t, x, ν2) − v±
x (t, x, ν1)

v+(t, x, ν2) − v±(t, x, ν1)

)3

dν2,

g±−(t, x, ν1) = 3
∫ 1

0

(
v−

xx (t, x, ν2) − v±
xx (t, x, ν1)

v−(t, x, ν2) − v±(t, x, ν1)

)

×
(
v−

x (t, x, ν2) − v±
x (t, x, ν1)

v−(t, x, ν2) − v±(t, x, ν1)

)
dν2,

g±+(t, x, ν1) = 3
∫ 1

0

(
v+

xx (t, x, ν2) − v±
xx (t, x, ν1)

v+(t, x, ν2) − v±(t, x, ν1)

)

×
(
v+

x (t, x, ν2) − v±
x (t, x, ν1)

v+(t, x, ν2) − v±(t, x, ν1)

)
dν2.

Using inequality (83)–(84), Lemmas 4 and 5 we get

‖T
±
2 ‖L2

xa
� C(κ,K)‖ω‖L

∞
xa

(
‖ω−‖L

∞
xa

+ ‖ω+‖L
∞
xa

) (
‖ f ±− ‖L2

xa
+ ‖ f ±+ ‖L2

xa

+‖g±−‖L2
xa

+ ‖g±+‖L2
xa

)
. (122)

In the same way we have bounded the term T ±,±
2 , we obtain

‖ f −− ‖L2
xa

� ‖ω−
x ‖3

L
∞
xa

‖γ−‖3
L

∞
xa
,

‖ f ++ ‖L2
xa

� ‖ω+
x ‖3

L
∞
xa

‖γ+‖3
L

∞
xa
,

‖ f +− ‖L2
xa

�
(
‖ω−

x ‖L
∞
xa

‖γ−‖L
∞
xa

+ ‖ω+
x ‖L

∞
xa

‖γ+‖L
∞
xa

)3
,

‖ f −+ ‖L2
xa

�
(
‖ω−

x ‖L
∞
xa

‖γ−‖L
∞
xa

+ ‖ω+
x ‖L

∞
xa

‖γ+‖L
∞
xa

)3
,

‖g−−‖L2
xa

� C‖ω−‖L
∞
xa

‖ω−
x ‖L

∞
xa

‖γ−‖2
L

∞
xa

(
‖v−

xx‖L2
xa

+ ‖v−
xx‖L4

xa

)
,

‖g++‖L2
xa

� C‖ω+‖L
∞
xa

‖ω+
x ‖L

∞
xa

‖γ+‖2
L

∞
xa

(
‖v+

xx‖L2
xa

+ ‖v+
xx‖L4

xa

)
,

‖g+−‖L2
xa

� C‖ω‖L
∞
xa

‖ω−
x ‖L

∞
xa

(
‖ω+

x ‖L
∞
xa

‖γ+‖L
∞
xa

+ ‖ω−
x ‖L

∞
xa

‖γ−‖L
∞
xa

)

×
(
‖v−

xx‖L2
xa

+ ‖v−
xx‖L4

xa

)
,

‖g−+‖L2
xa

� C‖ω‖L
∞
xa

‖ω−
x ‖L

∞
xa

(
‖ω+

x ‖L
∞
xa

‖γ+‖L
∞
xa

+ ‖ω−
x ‖L

∞
xa

‖γ−‖L
∞
xa

)

×
(
‖v+

xx‖L2
xa

+ ‖v+
xx‖L4

xa

)
,

which ends the L2-estimate of v±
xxx .
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4.4.6. A priori estimates for k± From the study of the eigenvalue problem in
Section 3.2, in which we have obtained some properties (32)–(34) for the character-
istic equation (30) and its derivative (31), we know that there exist three constants
K1 > 0,K2 > 0 and K3 > 0, independent of the variables (t, x), such that for all
x ∈ R/Z and for t fixed we have

|k±| � K1, (123)

|χ ′(k±)| � K−1
2 , and |v±

b − k±| � K−1
3 . (124)

From estimate (123) we have ‖k±‖L
∞
x

� K1. By differentiatingχ(k±)with respect
to x we obtain

− 1

2
k±

x χ ′(k±) =
∫
�

vx (τ )γ (τ )

(τ − k±)2 dτ. (125)

Using estimates (124) and equation (125) we get

|k±
x | � 2K2

(
‖v+

x ‖L
∞
xa

+ ‖v−
x ‖L

∞
xa

) (
‖γ+‖L

∞
xa

+ ‖γ−‖L
∞
xa

) ∣∣∣∣
∫
�

1

(τ − k±)2 dτ

∣∣∣∣
� 2K2

(
‖v+

x ‖L
∞
xa

+‖v−
x ‖L

∞
xa

) (
‖γ+‖L

∞
xa

+‖γ−‖L
∞
xa

) ∣∣∣∣∣
v+

b −v−
b

(v+
b −k±)(v−

b −k±)

∣∣∣∣∣
� 4K2

(
‖v+

x ‖L
∞
xa

+ ‖v−
x ‖L

∞
xa

) (
‖γ+‖L

∞
xa

+ ‖γ−‖L
∞
xa

) 1∣∣v±
b − k±∣∣

� 4K2K3

(
‖v+

x ‖L
∞
xa

+ ‖v−
x ‖L

∞
xa

) (
‖γ+‖L

∞
xa

+ ‖γ−‖L
∞
xa

)
,

and thus

‖k±
x ‖L

∞
x

� 4K2K3

(
‖v+

x ‖L
∞
xa

+ ‖v−
x ‖L

∞
xa

) (
‖γ+‖L

∞
xa

+ ‖γ−‖L
∞
xa

)
. (126)

4.5. The final a priori estimate

Let us define the norm
◦

H xa
3 such that for all ϕ(x, a) ∈ ◦

H xa
3 ,

‖ϕ‖2◦
H xa

3
= ‖ϕ‖2

L2
xa

+ ‖ϕx‖2
L2

xa
+ ‖ϕa‖2

L2
xa

+ ‖ϕxa‖2
L2

xa
+ ‖ϕxx‖2

L2
xa

+‖ϕaa‖2
L2

xa
+ ‖ϕxxx‖2

L2
xa

+ ‖ϕxxa‖2
L2

xa
+ ‖ϕxaa‖2

L2
xa
.

Let us now set

Z(t) = ‖R+‖2◦
H xa

3
+ ‖R−‖2◦

H xa
3
+ ‖r+‖2

H1
x

+ ‖r−‖2
H1

x

+‖ω+‖2
H3

xa
+ ‖ω−‖2

H3
xa

+ ‖γ+‖2
H3

xa
+ ‖γ−‖2

H3
xa
.

Using a priori estimates of Section 4.4 and the Sobolev embeddings H2(R2) ↪→
L∞(R2), H1/2(R2) ↪→ L4(R2) we get

dZ

dt
(t) � F(Z(t)), (127)
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where F(Z) is a monotonically increasing positive function of Z . By integrating
equation (127) in time we get

Z(t) � Z(0) +
∫ t

0
F(Z(s))ds. (128)

A Gronwall’s inequality yields a real number T > 0 and a positive function K (t),
finite on the interval [0, T ], such that

Z(t) � K (t), ∀t ∈ [0, T ]. (129)

From estimate (129), equations (50)–(51), and (64)–(65) we get

r± ∈ L∞
(
[0, T ]; H1

x

)
∩ Lip

(
[0, T ]; L2

x

)
, (130)

R± ∈ L∞
(
[0, T ]; ◦

H xa
3
)

∩ Lip
(
[0, T ]; H2

xa

)
, (131)

ω± ∈ L∞
(
[0, T ]; H3

xa

)
∩ Lip

(
[0, T ]; H2

xa

)
, (132)

γ± ∈ L∞
(
[0, T ]; H3

xa

)
∩ Lip

(
[0, T ]; H2

xa

)
, (133)

v± ∈ L∞
(
[0, T ]; H3

xa

)
, (134)

k± ∈ L∞
(
[0, T ]; W 1,∞

x

)
. (135)

From estimate (134) and equations (10)–(11) we get

v± ∈ L∞
(
[0, T ]; H3

xa

)
∩ Lip

(
[0, T ]; H2

xa

)
, (136)

φ ∈ L∞
(
[0, T ]; H3

x

)
∩ Lip

(
[0, T ]; H2

x

)
. (137)

Using the bounds (130)–(137) on the solution, the existence and uniqueness of a
classical solution are proved by a standard scheme. In fact, the bounds (130)–(136)
yield the existence of solution subsequences which converge weakly to a weak
limit point solution satisfying estimates (130)–(136). Then, standard compactness
arguments (compact Sobolev embeddings, Ascoli’s theorem, interpolation inequal-
ities) can be used to pass to the limit in the equations and get local existence of a
classical solution. Uniqueness is obtained by considering two different solutions of
the equations. We next construct equations for the difference of both solutions by
subtracting the original equations of each solution. Then, using the same kind of
a priori estimates developed in Section 4.4, where the estimates now concern the
difference of both solutions, we get a differential inequality on the L2-norm of the
difference of both solutions. Here again, a Gronwall’s inequality shows that two
different solutions are equal in L2 for any time if it holds at the initial time, which
gives the uniqueness of the solution.

To summarize, we have the existence and uniqueness theorem.
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Theorem 1. Let us assume that at the initial time, r±(t = 0) ∈ H1
x ,R±(t = 0) ∈

◦
H xa

3 , ω±(t = 0) ∈ H3
xa, γ

±(t = 0) ∈ H3
xa, v

±(t = 0) ∈ H3
xa. Let us suppose that

v− � v+, ∂av
+ < 0, ∂av

− > 0, and ∂α
x v

+(a = 1) = ∂α
x v

−(a = 1),∀α � 1 (see
Theorem 2). Let us assume that the conditions

ess inf
z∈� |χ±(z)| > 0, and Ind(G) = 2,

hold, with G = χ+/χ−, and where χ± are given by (42). Then the system of inte-
grodifferential equations (10)–(11), (13)–(14) and (50)–(51) are equivalent to each
other, and are hyperbolic with real eigenvalues {v±, k±} satisfying for all x ∈ R/Z

and t ∈ [0, T ],
χ(k±(t, x)) = 0, |χ ′(k±(t, x))| > 0,

−∞<k−(t, x)< inf
a∈[0,1] v

−(t, x, a) and sup
a∈[0,1]

v+(t, x, a)<k+(t, x)<+∞,

where the function χ(z) is given by (30). Moreover, there exists a time T > 0
such that the systems (50)–(51), (10)–(11), (13)–(14), and (64)–(65) have unique
solutions

r± ∈ L∞
(
[0, T ]; H1

x

)
∩ Lip

(
[0, T ]; L2

x

)
,

R± ∈ L∞
(
[0, T ]; ◦

H xa
3
)

∩ Lip
(
[0, T ]; H2

xa

)
,

v± ∈ L∞
(
[0, T ]; H3

xa

)
∩ Lip

(
[0, T ]; H2

xa

)
,

φ ∈ L∞
(
[0, T ]; H3

x

)
∩ Lip

(
[0, T ]; H2

x

)
,

c ∈ L∞
(
[0, T ]; H3

xa

)
∩ Lip

(
[0, T ]; H2

)
,

u ∈ L∞
(
[0, T ]; H3

xa

)
∩ Lip

(
[0, T ]; H2

xa

)
,

φ ∈ L∞
(
[0, T ]; H3

x

)
∩ Lip

(
[0, T ]; H2

x

)
,

ω± ∈ L∞
(
[0, T ]; H3

xa

)
∩ Lip

(
[0, T ]; H2

xa

)
,

γ± ∈ L∞
(
[0, T ]; H3

xa

)
∩ Lip

(
[0, T ]; H2

xa

)
,

where the Riemann invariants r± and R± are given by

r±(t, x) = k±(t, x) +
∫ 1

0
ln

∣∣∣∣v
−(t, x, ν) − k±(t, x)

v+(t, x, ν) − k±(t, x)

∣∣∣∣ dν,

R±(t, x, a) = v±(t, x, a) +
∫ 1

0
ln

∣∣∣∣v
−(t, x, ν) − v±(t, x, a)

v+(t, x, ν) − v±(t, x, a)

∣∣∣∣ dν,

and are respectively constant along the characteristics curves x±(t) and xa,±(t)
defined by

d

dt
x±(t) = k±(t, x±(t)) and

d

dt
xa,±(t) = v±(t, xa,±(t), a).
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Finally, we establish some order or monotonicity properties satisfied by the
solutions of Theorem 1. We have the following theorem.

Theorem 2. The solutions of Theorem 1 are order preserving in the sense that for
any a, b ∈ [0, 1] we have

v±
0 (·, a) � v±

0 (·, b) �⇒ v±(·, ·, a) � v±(·, ·, b), (138)

sign(ω±
0 ) = sign(ω±), (139)

sign(v+
0 (·, a) − v−

0 (·, b)) = sign(v+(·, ·, a) − v−(·, ·, b)). (140)

Proof. The proof is based on the Crandall–Tartar Theorem concerning relations
between nonexpansive and order preserving mappings [23]. Let us assume that
v± ∈ L∞(0, T ; W 1,1

xa ) and set ω̃± = v±
1 − v±

2 = v±(t, x, a) − v±(t, x, b), ṽ± =
(v±

1 + v±
2 )/2 = (v±(t, x, a) + v±(t, x, b))/2, ρ̃ = v+(t, x, a) − v−(t, x, b), and

ṽ = (v+(t, x, a) + v−(t, x, b))/2, then using equations (10) we obtain,

∂t ω̃
± + ∂x

(̃
v±ω̃±) = 0, (141)

∂tω
± + ∂x

(
v±ω±) = 0, (142)

∂t ρ̃ + ∂x (̃vρ̃) = 0. (143)

Let us treat the case of equation (141) which leads to the property (138). The two
other equations (142) and (143), which lead respectively to the properties (139) and
(140), can be treated in the same way. Let ζh ∈ C ∞

0 (R) be a convex regularization
of the modulus function which converges uniformly to | · | as h −→ 0 and satisfies
|ζ ′

h | � 1. If we multiply equation (141) by ζ ′
h(ω̃

±) and integrate variable x in space,
using integration by parts we obtain

d

dt

∫ 1

0
ζh(ω̃

±)dx = −
∫ 1

0
dx ζ ′

h(ω̃
±)∂x

(̃
v± ω̃±)

� −
∫ 1

0
dx ∂x ṽ

±
∫ ω̃±

0
ζ ′′

h (s)sds

� ε(h)
(
‖v±

1 ‖L∞(0,T ;W 1,1
xa )

+ ‖v±
2 ‖L∞(0,T ;W 1,1

xa )

)
, (144)

where

ε(h) = C sup
v∈R

∣∣∣∣
∫ v

0
ζ ′′

h (s)sds

∣∣∣∣ h→0−→ 0.

Passing to the limit in (144) as h −→ 0 we obtain

d

dt
‖ω̃±‖L1

x
� 0, (145)

which, after time integration, is equivalent to

‖v±(t, ·, a) − v±(t, ·, b)‖L1
x

� ‖v±
0 (·, a) − v±

0 (·, b)‖L1
x
. (146)

If we now define the operators T ± : L1
x −→ L1

x by T ±v±
0 = v±, obviously T ±

are mappings in L1
x which conserve the integral, and are nonexpansive in L1

x thanks
to property (145) or (146). Therefore, using Proposition 1 of [23], the operators
T ± are order preserving in the sense that property (138) is satisfied. ��
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